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Abstract. In this paper, decentralized con-
troller design and stability analysis of a class
of large-scale interconnected nonlinear systems is
presented. Each subsystem in the overall system
is nonlinear and so are the interconnections that
join the subsystems. For controller synthesis the
interconnecting nonlinear functions are known to
satisfy a bound which is a polynomial in the states.
The nonlinear interconnections need not satisfy
any symmetry property. We show global exponen-
tial stability of the closed-loop interconnected sys-
tem for the proposed decentralized controller. Ro-
bustness of the decentralized controller to a class
of interconnections that do not satisfy matching
conditions is also shown.

1 Introduction

Large-scale interconnected systems appear in a va-
riety of engineering applications such as power
systems, large structures, manufacturing processes
such as web handling systems. Decentralized con-
trol of large-scale interconnected systems has been
a topic of interest for several decades. Decentral-
ized and robust control of large-scale uncertain
systems has been investigated actively by several
researchers. A large body of research in this area
has been reported in [1]. [2] consider decentralized
control for uncertain systems and show uniform ul-
timate boundedness of the state in the presence of
higher order uncertainties. Decentralized adaptive
control of interconnected systems can be found in
[3, 4]. A nice presentation of string stability of in-
terconnected systems with applications to vehicle
following can be found in [5].

In this work we present decentralized controller de-
sign and stability analysis for large-scale intercon-
nected nonlinear systems. No particular structure
for the nonlinearities within a subsystem (i.e., de-
pending on the state of the subsystem) or the inter-
connecting nonlinear functions has been assumed.
In this paper, we assume that each subsystem is
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directly connected to just the neighboring subsys-
tems. This assumption can be easily removed by a
simple modification of the existing controller, and
we do not present this case due to lack of space.
The uniqueness of this work stems from the fact
that global exponential stability has been shown
for a decentralized control scheme with higher or-
der nonlinear interconnections.

The rest of the paper is organized as follows. Con-
troller design and stability has been considered in
section 2. In section 2, we first consider a simple
case where the interconnected system is composed
of N first order nonlinear systems. Then we extend
controller design and show stability for a general
case of each subsystem of higher order. In each
case we show global exponential stability for the
proposed decentralized controller. Robustness of
the decentralized controller to a class of nonlinear
interconnections that do not satisfy the matching
conditions is also shown in section 2. Results of the
present work are summarized and some important
issues that can be considered for future work are
given in section 3.

2 Controller Design and Stability

The class of large-scale interconnected systems
considered are of the form:

X; = f,—(x,-) + gi(xi)ui
+ 6o (%, Xio1) + £ (X6, %)
Yi = h,(x,) (1)

where ¢ = 1,...,N, x; € R% ,u; € R and
¢; € R denote the state, input and output of the
i-th subsystem. We assume that the functions
£i(x:), gi(x:), fii—1(xi,%—1) and £ i1 (X4, Xig1)
are smooth vectors in R™. f;(x;) denotes the
nonlinearities within the i-th subsystem. The
interconnecting nonlinearities f; ;1 (X;,x;—1) and
f; i+1(x;,%;+1) are assumed to be dependent only
on the neighboring subsystems. Figure 1 below de-
picts such a scenario. The interconnections are as-
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Figure 1: Large-scale interconnected system

sumed to be polynomially bounded in states. The
goal of this paper is to develop a decentralized con-
trol algorithm for each subsystem so that the over-
all interconnected system is globally exponentially
stable.

2.1 Simple Case

Before considering the generalized system, we con-
sider the case of a large-scale interconnected sys-
tem composed of N first-order subsystems given
by

& = filz:) + gi(ws)u;
+ fii—1(@i, Tic1) + fiiv1 (i, Tig1)
Yi =

@

where it = 1,...,N, gi(z;) # 0, i, ui,y; € R de-
note the state, input, and the output, respectively.
The following lemma gives the control law, u;(t),
for each subsystem and the conditions under which
the interconnected system (2) is globally exponen-
tially stable. Also, in the remainder of the paper
all greek letter constants introduced will be posi-
tive constants.

Lemma 2.1 Suppose the following conditions are
satisfied for the interconnected system of (2).

(1) There ezists a
feedback control law, u; = —(1/g(z:))a:(z;),
that renders the interconnection-free subsys-
tem &; = fi(z;) + gi(z:)u; globally exponen-
tially stable. Hence by converse Lyapunov the-
orem there exists a Lyapunov function, Vi(z;),
and positive constants By ;, 02,i,03,i, and PBa,i,
such that

Builzil® < Vi(zi) < Bailzif®
aV;
éz[fi(zi) ~ a;(z:)] € —Bsilzil?
3V

< ﬂ4 tlzl'

(2)

There exist constants (s ; and B, such that

| fiyica(zs, wica)] < Bs,s|zilPri|@i—q |10
[fisi1 (@i, Tig1)] < Beil2i[P? |Tiga |72
where p1,i,q1,i,02,i and @2 are some known
positive integers.
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Under the above conditions there exists a feedback
law of the form

U; = —

(g,(tz,)) {ai(z:) + i)}

that guarantees global exponential stability of the
interconnected system given by (2).

Proof:  Consider the following for the second
part, a;i(z;), of the control input
oV; oV;
au(zt) = 51 ié—lzzlzm - 52 ia I:U |2q1 =2
(53 iaV, Im1|2p2 iy ,_gzlzzluz.s—(;})
where 0x; : k=1,...,4,i=1,...,N, are posi-

tive constants. Also, 01,1 =41 = oy = 3N =
0. The control input requires the knowledge of a
Lyapunov function for the i-th subsystem. One
such Lyapunov function for this system is clearly
Vi(z;) = (1/2)x2. The derivative of the Lyapunov
function gives

3V¢ .
(9:1:,

a [-f1 (xi) al(xi)]
c‘)Vz

V=
au(zz)
{fn 1(zs, zi1) + fi,i+1(ziazi+1)}

Using conditicns (1) and (2), we obtain,

+ Ba,ifs iz [P i
+ Ba,iBei|zi [P i |

llh,.’

Now, consider the following Lyapunov function for
the interconnected system (2),

N
V(zy,-..,ZNn) = ZVi(iEi)
=1

Substituting a;;(z;) from (3) into the time deriva-
tive of V gives,

N
V<Y {~Ballill? — 61,0l PP14¥2 — 6 i) P0n

=1
— 53,i|37i|2p2"'+2 _ 54,i|$i[2q2'i
+ ﬂq,iﬂs,ilxilm.;-f-l 'xi_llm,i
+ Ba,iBe,ilziP* T iy |7 }

In the above expression, when summation is eval-
uated we take g = 0 and zn4; = 0. Rearranging



terms we obtain

N
V<= {Bsleil’}
=1

N

- Z{ S1k |z PR 2+ Gopy Ty P94
k=2
- ﬂtl,lcﬂs,k'-’tklpl”""llzk_l | g2,k }
N

- Z{ 53’k_1|$k_1|2pz,k-1+2 + 54,k'$k|2q2”'
k=2

— Bak—186k~1|Te—1|P>* =1 gy |22 }

Choosing 51‘15,(52,15_1,53']‘,_1 and 54‘];, k=2. ..N,
such that

2401,k 02,k -1 > BaxBs i
203 k-1 04k 2 Bak—186,k-1

we obtain the following:

) N
V<=3 {Bsilail’}

=1

N
2
- Z{ /51)k|zk|m,k+1 _ /52’k_1|xk_1|2m,k—1}
k=2

N
— Z {ml%_llpz,u-ﬁl _ m}mquz.k}
k=2

Thus,

N
V- Zﬂs,ilmiiz
i=1

Taking xT
min; (33 ;, we get

V(t,x) < 203 V(t, X)
which implies

V(t,x) < V(to, x(to)e~20smin(t—to)

[z1,22,... ,zn]T and Bamin =

Thus, the interconnected system is globally expo-
nentially stable, x(t) — 0 exponentially.

Remark 2.1 The bounds on fii—1(z:,x:—1) and
Jii+1(2s, Tig1) in condition (2) of lemma (2.1) are
assumed to be in the product form. It should be
noted that bounds of the following type

[fisic1(%s, Tim1)| < BsralealP> + Booalwio1]|®

| fijit1(@s, ig1)| < Bor,s|za|P + Boo,i|@iyr ™
can also be handled by a simple modification of
aii(zi) given by (3). In fact, the inequality
2|al|lb] < la|? + [b)%, shows similar nature of the
two types of bounds in question.
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So far we have assumed that the interconnecting
nonlinearities, f;i—1(z;,Ti—1) and fi i+1(Ti, Tiv1),
are bounded by a single exponent of the state.
The following corollary considers the bounds on
fiji—1(zs,zio1) and fiiq1(ws, Ti41) to be polyno-
mials.

Corollary 2.1 Suppose the bounds
fii1(%i, Tin1) and fiiv1(2i,Tiv1) are given by

on

P1,i q1,i )
fiima (@i, mim)l <D0 Brelail fwioa |*
J=1k=1
P2,i 92,i . )
i@ za) DD Brilzillwiva|*

Jj=1k=1

Then the following control input guarantees global
exponential stability of the interconnected nonlin-
ear system given by (2).

BV g1,i P1,i P1,i q1,i
— i k) 125 Gik |, |2k—2
ais(es) = ~ - { SN e+ SN 63
Y ok=1j=1 j=1 k=1
q2,i P2,i P2, 92,i
.k 25 .k 2k—2
+ z ,E :63,1' |3} + E E 67 |zl
k=1 j=1 j=1 k=1
here 675 63k 53k ang s0% hosen to sati
where 67;,05);,03; and &y; are chosen to sa isfy

the following,

gk g,k J.k nd.k
24/61; \/02i-1 = Bii Bsi
ik Tk aik adk
24/ 03i-1\/ 02 = B B3

Proof: The proof of this corollary follows a
similar procedure as the proof of lemma (2.1). =

2.2 General Case

Now we consider the general system as given by
(1). Consider the interconnection-free i-th subsys-
tem,

%; = (%) + ga(xi)us

Yi = hi(X;)
where x; € R, We assume that the
interconnection-free i-th subsystem is globally
input-output linearizable with relative degree n;,

which means that Vx; € R" the following are
true[6):

1. Lg{Lghi(xi) = 0, for k = 0, R 2;

2. si(x) = Lg, Lg* "' hs(x;) is nonsingular.



Define 7;(x) = Lghi(x). If we apply a control
input u; such that

v; = gi(x:) + sizs)u;

then the closed-loop interconnected system, (1), is
described by

z; = Ayz; + Byv;
+ fii-1(2i, 2iw1) + £ i1 (24, Zig1) (4)
where (A;,B;) is in Brunovsky canonical form.

We also assume that the interconnecting nonlin-
earities satisfy the matching condition, i.e.,

(5)
(6)

where w;;—1(2:,2i—1) and w;;y1(2i,%i41) are
polynomially bounded as follows:

£ii-1(Zi, 2i—1) = Biw;,i—1(2;, 2i-1)

£;iv1(2i, Ziv1) = Biwi i1(2i, Zig1)

P1,i q1,i .

llwi,im1 (zis zi-) | < Y Y Biellzillllzioa [1*
Jj=1 k=1
P2,i 92,i

llws ip1 (zir zep )l < D Y Brellzall zisa [IF

j=1k=1
We consider the following control input for v;(t),

vi(t) = ~KTz; — sgn(zin; ) {

q1,i P1,i

SO (kI + o)
k=1 j=1
‘I:,i Pp2,i . . ) (7)
+ 3503 (kI + gkl )
k=1 j=1

where &7 f,

the followmg,

Gk cik
52:i:63z

; and 6‘{:? are chosen to satisfy

2 61,1 V 6%11— = J’k k (8)
j .k ) )
&5 a\/ohs > Bl §, ©)

Now consider the following Lyapunov function
candidate,

Vi(z:) = —z
Taking the time derivative and 31mplifying we ob-
tain
V,' = ZT(A,‘ - B,ﬁK;T)Z,;
~ 2] Bisgn(2Zin,) {
q1,i P1,i

S5 (B4 + 63 411m*)
k=1 j=1

ik i ik
+ 303 (Al + 6kl )

k=1 j=1
+ 27 By (wi i—1(2:, 2im1) + Wi it1 (24, Zig1))
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Notice that
Z?Bisgn(zim) = |zinil

where z;,,; denotes the n; component of the state
vector z;. Since (A.;, B;) is in Brunovsky canonical
form we get

z;FBi = Zip;, = IZTBtl = lziml
Also since (A; — B;KT) has all its eigenvalues
strictly negative by choice of feedback gain vec-

tor K, let AT*" be the magnitude of the largest
eigenvalue of (A; - B;KT). Then

Vi < =APingTa; — |zin | {
q1,i P1,i
js j ik
>3 (sl + bl ™)
k=1 j=1
q2,i P2,i
+ 305 (638l + 85l }
k=1 j=1
P1,i q1,i
+lzin Y 3 Bl llzios [IF
j=1k=1
P2,i 92,i

+lzind Y D Brillzill Nz |*

j=1 k=1

Now consider the following Lyapunov function
candidate for the interconnected system given by

(4), N
VZN) = Z Vi(z:)

i=1

V(Zl,...

Choose 6{:“,62 %,69% and 6]} such that (8) and
(9) are satisfied. Taklng the time derivative of the
overall Lyapunov function we get,

N N
V<=3 ATz =) i {
i=1 =2
q1,i P1,i 2
y N
N CCHIC
k=1 j=1
g2,i P2,i 2
—
#3 (VEE e - e sr) )
k=1 j=1
Thus,
. N
V<= apingly, (10)
i=1
Let A = min; A™™", and 27 = [z],2],...,2%],
then

V(t,z) < —2XV(t,2)
which implies
V(t1 Z) = V'(tO) z(to))e—2)‘(t—t0)

Thus, the interconnected system (4) is globally ex-
ponentially stable.



2.3 Robustness to nonlinear interconnec-
tions not satisfying matching conditions

Suppose after input-output feedback linearization,
the interconnecting nonlinear functions do not sat-
isfy the matching conditions given by (5) and (6).
Consider the following,
fii1(2i,2i1) = Bowii_1(2i,2:1)
+ A i-1(2i,Zi-1)
£ii+1(2i; Zit1) = Biwi i1 (24, Zi41)
+ Af; i1 (24, Zi41)
where
Af; i-1(2i,2i-1) € R™ and Af; i11(2i,2i41) € R™
denote the unmatched part of f; ;1 (2,2;—1) and
£ii+1(2i, Zi+1), respectively.

Lemma 2.2 The control law given by (7) is
robust to all uncertainties Af;;_1(2;,%2;—1) and
AL, i11(2i,2i41) which are bounded by

1AL i-1 (i, Zi-1) | < muillzall + m2,illZi-1 ]
1AL i1 (24, Zir1) ] < m3 |2l + 4,l|Ziqa ||

Proof: Due to these unmatched parts the
derivative of the overall Lyapunov function given
by (10) is modified to,

N
V<> Al 2+ (s + ma) ||zl

=1
+ m2,illzillllZi-a || + m3,5l1Zilll|Zs411]
We assume that A" is chosen large enough by

choosing the feedback gain vector K] such that
)\;nzn = K" + M1 + N4, + v, then

N
V<Y A - sz — izl
i=1

+ m,illzilll|zi-all + n3,illzalll|Zisa )| }

Expanding the summation we obtain,

N
1% < - Z n?"'"ziTzi
=1
—{wllzallll* + - + vnllznlli*}
+ {m2llz2|lllzall + - - - + mo,wllzn ||z -1 ]}
+ {mallzallllz2ll + - - - + ms,v—1llzv-1llllzn ]}

N
min,T
< - E [iasld 8 7
=1

—{wllzll® + - + vwllzn|llI*}
+{ (12,2 +m,0)l|za ||l z2ll +
oo+ (ne,v +ma,n-1)llzv—allllzn] }
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Choose v; such that

2VViVis1 2 (M2,i41 + 13,05

Using the above choice of v;’s we can complete
squares to obtain,

i=1,...,N-1

N
’ min,T
V<- Zni Z; Z;

=1

3 Discussion

In the present work, we considered decentralized
control design and stability of a class of large-scale
interconnected systems. The decentralized con-
troller has been shown to provide global exponen-
tial stability of the overall interconnected system.
We have also shown that the proposed decentral-
ized controller is robust to a class of interconnec-
tions that do not satisfy matching conditions. One
issue that has important “real-world” applications
is the performance of such controllers in the pres-
ence of external disturbances. Another issue that
is equally important is to attenuate disturbances
that appear in individual subsystems and to mini-
mize disturbance propagation to other subsystems.
These issue will be explored in future work.
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