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Abstract

In this work we develop a hybrid force/motion con-
troller for coordination of two robot arms carrying an
object. A closed chain dynamic model is developed
which helps in designing the motion controller inde-
pendent of the force controller. A stable adaptive mo-
tion controller and a parameter adaptation law is de-
signed to estimate the unknown parameters. A feed-
forward plus PI type force controller is developed. Sta-
bility analysis is done for both motion and force con-
troller. It is shown that the motion controller is robust
to bounded disturbances and the force controller is ro-
bust to small delay in force feedback. The theoretical
results have been validated by simulations.

1.

Considerable research has been done in recent years
in the area of coordinated control of multiple manipu-
lators. Some of the several applications of multiple ma-
nipulators in industry are operations such as materials
handling and assembly of parts. Also a multiple manip-
ulator system can handle heavier loads than compared
to a single manipulator. In this paper we address the
problem of two manipulators moving an object along a
desired path, while exerting desired internal forces on
the object.

Introduction

Recently, several control strategies for coordinated
control of multiple manipulators have been presented.
Tarn and Bejczy(7] used a non-linear coordinate trans-
formation to obtain an exact linear decoupled system.
Zheng and Luh[5] considered the two manipulators as a
closed chain and derived a set of holonomic constraints,
which are satisfied by the position and orientation of
the two manipulators when the closed chain is in mo-
tion. Hu and Goldenberg[6] developed three subsystem
error equations using the dynamic equations, i.e., posi-
tion error subsystem, a contact force error subsystem,
and an internal force error subsystem, and they used
an adaptive scheme to control these subsytems. Yao
and Tomizuka[14] developed an adaptive controller for
multiple manipulators handling a constrained object.
This controller is shown to be robust to bounded ve-
locity and force measurement noise. The problem of
single robot arm in constrained motion is studied by
many researchers, [e.g., 4,10, and 15].

Of all the schemes considered none of them explic-
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itly show that the motion controller is independent of
the force controller. In this paper we develop a dynamic
model which helps in decoupling the motion control law
from the force control law in the sense that force control
does not affect motion control, but the motion errors
do affect the internal force control. Thus, the motion
error subsystem being independent of the force terms
gives the advantage of designing force and motion con-
trollers separately. Uncertainty in the parameters of
the manipulators and that of the object is considered.
An adaptive controller has been developed to estimate
the mass, inertia of the object and the unknown param-
eters of the manipulators. Robustness of the proposed
controller to bounded disturbances is shown.

A brief outline of the paper is as follows. In section
2 we derive the dynamic equations of the closed chain
from the dynamic equations of the manipulators and
the object. In section 3 the control law and the adap-
tation law are derived. Using this motion control law
and the adaptation law, stability is proved. In section
4 we give a force control strategy, which contains the
feedforward control term and the PI control terms.The
force controller is shown to be robust to small delay in
force feedback. In section 5 we present some typical
simulation results. Conclusions are given in section 6.

2. Dynamic Equations

Consider two rigid manipulators, the dynamic equa-
tions of which in joint coordinates using the Lagrangian
formulation is of the form

M;(q:)di + Ci(gi, di)di + Gilg:) + I (9:) Fs + di(t) = B

where the subscript i (i=a,b) denotes the i-th manp-
ulator, g; € R**! are the joint angles, 7; € R"*! is the
vector of generalized joint torques. M;(g;) € R™*" is
the inertia matrix of the -th manipulator, C;(g;,d:) €
R™*X™ is the matrix of centripetal and Coriolis forces of
i-th manipulator, G; € ®"*! is the gravity force vector,
JT(g:) € R**™ is the Jacobian matrix that transforms
the generalized contact force in the world coordinate
system to the joint space, F; € R"*! is the generalized
force applied by the i-th manipulator on the object,
and d.-&s’ is the disturbance vector. Notice that the
number of joints in each manipulator is equal to the
dimension of the generalized force vector. This implies
that n is six for manipulators in three dimensional work
space with independent rotation and orientation, and



it is three for planar motion in the x-y plane with an
independent rotational freedom in the z-direction.

We assume the following in deriving the closed chain
equations: 1) The manipulators firmly grasp the ob-
ject so that the contact point of the manipulators end-
effector and the object remains same throughout the
motion i.e., there is no relative motion between the ob-
ject and the end-effectors. 2) Object is rigid i.e., object
does not get deformed with the application of internal
forces. These assumptions imply that the two manipu-
lators and the rigid object is making a closed kinematic
chain, and the last link of the two manipulators and the
object become one link in the chain. Fig. 1 shows a
schematic of two robot arms holding an object.

Now we write the dynamic equations of the two ma-
nipulators compactly as

Mi(ge)de + Ce(ge, Ge)de + Ge(qe) + T, F +du(t) = 7 (2)

where M, = diag(M,, M), C: = diag(C,,Ch), Gt =
(G3,Gy)T, Ji = diag(Ja, Ts), & = (dj,d]), 7=
(TJ,TJ)T, F=(F:7FJ)T! and ‘1t=(9;rrq;r)T

The following are the Newton-Euler equations of the
freebody of the object

Mo(2,)Z, + Co(To, Zo)Zo + Go(To) + do(t) = F, (3)

where M,(z,) € R™*" is the inertia matrix of the ob-
ject, z, € R™*! is the position vector of the object,
Co(zo, o) € R™*™ contains the Coriolis cross product
terms of the object, and F, € R**! is the force acting
at the center of mass of the object. The force acting
at the center of mass of the object is F, = 3, D] F; =
DTF, where DT = [D], D], F; € R"*}, is the gener-
alized force exerted by manipulator i and D] € ®"*",
is the matrix that transforms the generalized force of
manipulator i to its equivalent force at the center of
mass of the object.

The manipulators are kinematically coupled with
the object in between them so that we can quantita-
tively relate the generalized coordinates and velocities
of the manipulators through the kinematic constraints.
The manipulator Jacobian relates the velocity of end-
effector ¢ in cartesian coordinates to the joint space and
the matrix D; relates the velocity of end-effector 7 to
the velocity of the center of mass of the object. These
equations are as follows

z; = Ji(g:) 4i and @; = Dig,

(4)

Defining &7 = [£],2]]7, we obtain

t=1J'g and &= Dz,

()
From equation (6) we can write the velocity of the ob-
ject as
&, = D%2 = D* iy = Ade (6)
where A = DtJ, and D7 is the generalized inverse.
Differentiating equation ((6 with respect to time, we
obtain the acceleration of the object
8o = Ade + Age

()
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The force at the object center of mass is given by
F, = DTF. Matrix D" has full rank and posseses a
non-trivial null space. Since F, = DT F, a force in the
null space of D7 does not contribute to the motion
of the object but only to the buildup of internal forces.
Let P be the matrix whose columns span the null space
of DT, then we have P € ®2"%® and DT P = 0. Given
a force F we can write it as a component which lies
in the range space of the matrix D7 and a component
which lies in the null space of DT as

F:D+TF0+P.fint (8)
Using dynamic equations of the object (3) we can write
9) as

F=D"T( My(2,)80+Co(To, To)+Go(z0)+do(t))+P 9.-5.,

When the manipulators rigidly grasp the object, in
position subspace there are n natural constraints. So
the effective degrees of freedom of the manipulator sys-
tem reduces to n. Therefore n generalized coordinates
are sufficient to describe the closed chain motion of the
manipulator system. We can choose n joint variables
as independent generalized coordinates and the other n
joint variables depend on the independent generalized
coordinates. Let the n independent generalized coor-
dinates be given by ¢ = [g1,92,° -, qn], Without loss
of generality we can choose these n components as the
first n components of g;. Let the other n dependent
coordinates be given by g. = [gc1,9c2,°*;qcn). We can
express the dependent coordinates as a function of in-
dependent coordinates as g. = §2(g) [4]. Differentiating
this with respect to time yields

de = T1(q)d, dc = Ti(q)d + T1(q)d (10)

where Ti(q) = 89Q(gq)/8g. Define a tranformation
T(q)" = [Inxn;T{]7. Now we can write the velocity
and acceleration of the joint coordinates, g, in terms
of the independent coordinates g as

g = T(q)d + T(q)d (11)

Substituting the above in the dynamic equations of the
manipulators (2), we obtain

e = T(q)4;

M(q)T(q)d + (M(q)T(q) + C(g,49)T(a))d

+G(Q)+ T (Q)F +di(t) =7  (12)

Note that in the following equations we drop the
arguments of the matrices wherever it is clear from
the context. Using the transformation we can write
the kinematic constraint’s in terms of the independent
generalized coordinates as,

¢, =Dte = D¥1,(q)T(q)§d = A(a)T(q)d  (13)

i, = A(q)T(q)d + A(q)T(9)d + A(9)T(a)d  (14)



Premultiplying equation (9) with J,7, we obtain
JTF = AT[M,AT¢ + M,AT¢ + M,AT§

+ CoATG + Go + do(t)] + I, P fint (15)

Substituting 315) in the dynamic equations (12), we
obtain the closed form dyramic equations containing
the object and the manipulators dynamics as

H(q)i+ N(9,4)§+ G(q)+ BT (9)f +d(t) =7 (16)

where H(q) = [M + ATM,,A]ZZ.', N(g,¢)=[ATM,A+
ATC,A4CIT+[ATM,A+ MI|T, G = [Go+G,], BT =
JT P, and d(t)=d:(t) + ATd,(t)

This is the equation of the closed chain obtained
after all the constraints are embedded into the original
dynamic equations of the manipulators. Note that the
matrices H and N are not square and the dimension

of which is 2n x n. Also note that ¢ € R**! and 7 €
mzuxl.

Using the kinematic constraints we can show that
TTBT = 0. Premultiplying equation (5) with PT, we

get
P'é = P"Di, = [DT P &, (17)

Since P is the null space of DT and & = J,' T¢, the
above equation becomes PT& = PTJT¢ = 0. Noting
that ¢ is an independent set of coordinates and B =
PTJ, we obtain

T'BT =0 (18)

This is the constraint on the closed kinematic chain
and will be utilized later to show that the motion error
equation is independent of the internal force terms.

3. Control Law

Before we proceed with designing the adaptive con-
troller for the closed chain equations we state some
properties which will be used during the stability anal-
ysis of the proposed controller. 1) M;(q) — 2Ci(q, §) is
skew symmetric for 2 = a or b which implies, {(Mg —2Cy)
is skew symmetric. 2) The inertia matrix of each ma-
nipulator is positive definite and bounded from below
and above i.e., there exists »; > 0 and 4; > 0 such
that I, < M;(q;) < 7iln, for every g; € R*X1  where
i = aor b 3) The dynamic structure of the object
and each manipulator is linear in terms of the suitably
selected set of unknown parameters.

M;(gi)di + Ci(g:, gi)di + G;(q,-; = WiEq, 4,4)0;
Mo(25)E0 + Co(Zo, 2o)2o + Go(Zo) = Wo(Zo, &0y £,)O,
where i = a or b,W; € R"**" is the known regressor
matrix and ©; € R™*! is the vector of unknown pa-
rameters in the case of manipulators and W, € R"*7
is the known matrix and ©, € R">*1 is the vector of un-
known parameters of the object. Now define the matrix
E(q) = T7(q)H(q), then E(g) — 2T N is skew sym-
metric. The proof of this is quite procedural and can
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be shown by taking the derivative of E(q) and using
the properties stated above.

We define the following errors and reference veloci-
ties, e, = ga—q, is the joint position error, ey = fa—f,
is the force error, ¢, = da + Apep, is the joint reference
velocity, §r = §a + Apép, is the joint reference accelera-
tion, e, = ¢, — ¢ = €, + Apey, is the reference velocity
error, where A, is a positive definite diagonal matrix.
Using properties 1 and 2 and equation (??), we can
write

H(q)dr + N(q,4)dr + G(9) = W(9,4,4r,4-)©  (19)

where W(-) is the known regressor matrix and © is
the unknown parameter vector containing the unknown
parameters of the two manipulators and the object.
Before stating the control law, we impose bounds on the
disturbances in the manipulators d;(t), and the object
d,(t) as

e(®)] < 8di(t) ond ldo(t)] < Sdoft)  (20)
We write the control law as 7 = 7, + 7., where 7,
represents the motion control law and 7 the force con-
trol law. We choose the adaptive motion control law
and the parameter adaptation law as

Tm = W(q, 4, 4r, n'j,)(:) +vTe, +6d(t) ©T sat(ey) (21)

6=-rw" (Q»é’q.'rs ar)TT €y (22)

where O is the vector of estimated parameters and
sat(-) represents the saturation function [10], and e @b
represents component-wise multiplication of two vec-
tors a and b, and 8d(t) = 6d.(t) + 'ATlédO(tz.‘ The
force control law will be discussed later and has the
form BT f.. The above control law can be substituted
into the closed chain equations (??) to get,

HQ':FN4+G+BTf+d(t) =
W(g,4,dr, )0 +1Te, + BT f. + 6d(t) © Tsat(e,)

We can modify this by using the reference velocity error
as defined previously to obtain the error equation,

Hé, + Ney =W Q1é:q-r1§r)é —71Tey — BT(fc -fl+
d(t) — 8d(t) ® Tsat(e,)

Premultiplying this with TT and knowing that
TTBT = 0, we obtain the motion error equation which
does not contain any force terms.

Eéy = -T " Ney +T"WO — T Te,

+T7d(t) - T"6d ® Tsat(ey) (23)

Theorem 1: With the conirol law (??) and the pa-
rameter adaptation law (20) and with the bounds on
the disturbance, (T?7), ey,ep,ép — 0 asymptotically.

Proof: Choose a Lyapunov function candidate as

V(t, ee, ©) = %{e,T E(g)e. +6TT-16}  (24)



Taking the time derivative of equation (22) and us-
ing the skew symmetry property and the adaptation
law, equation (20), we obtain

V(t,e,) = —vel T' Te,+e, TT{d(t)-éd(t)OTsat(? )%
25
Now with éd(t) as defined previously,

ed TTd(t) — e; TT{6d(t) © Tsate,} < 0  (26)
From equation (23) and equation (26) and denoting
0, as the smallest eigenvalue of T7 T, we get

v(t, eu) < _'Yez'TTTev
. V(t: ev) < '_70'11“31'"2
= 0, [, |lev|lPdo < V(ey,0) — V(ey,t) < 00

From the above development we can see that e, €
LN Ly and © € Ly,. Also using the error equation
éy € L, since all the other terms in the error equation
are bounded. As a result of this e, — 0, by Barbalat’s
lemma. Now the vector equation, e, = €, + Apep, can
be written in Laplace domain as e, = G(s)e,, where
G(s) = [sI + A,]~!. Since e, € L3N Lo and Gg_s) is
exponentially stable and strictly proper transfer func-
tion matrix, it follows from [16] that e, € L, N Ly, and
ép € L3 N L. So from Barbalat’s lemma, e, — 0.

4. Force control law

The force control law is of the form 7. = B7 f.. The
closed loop error equation (21) can be written as

BT (f. — f) = Blew, épr €5, 0, d(2))

or

fe— F = a(ey, ép, ep, 6,d(t)) (27)
where a(e,, ép, €p, 9,d(t)) = B*B(e., €p, €p, 0, d(t)).

We choose the following force controller

fe=fa+ Kp(fa— f) + Ki ft(fa -f) (28)

where the first term is the feedforward term, second
is the proportional term and the third is the integral
term. The proportional and integral gain matrices, K.

and K;, are positive definite and diagonal. Also the
eigenvalues of K, have to be bounded by 1, if this is
not the case then we will see in the next section that a
small delay in force feedback leads to instability of the
system. Note that in the following equations we drop
the arguments of «. Combining (27) and (28),

t

ey + Kpep + K.'/ e =« (29)

o

Wiriting this equation in Laplace domain

{(I -} KP)S + K;}el = s
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In the above equation o is a function of the sys-
tem variables e, ep, ép, ©, and since the derivative of
these system variagles is bounded, the derivative of &
is bounded. Since & is bounded it follows from [16]
that e; is bounded and moreover if the motion errors
converge to zero then the force error ey converges to
zero.

Delay in force feedback

Since a small delay in the force feedback is expected,
the force controller should be robust to these delays.
Denote the delay time by Af. We can write the force
control law as

Folt) = fa(t) + Kp(falt — AL) — £t — AL)) +
K [}(fa(t — At) — f(AL))

Notice that f; being a desired force trajectory is
available to us. Now with this force control law, equa-
tion (29) can be written as

t
es(t) — Kpep(t — Ot) + K.'/ es(p— At)dp = a(30)
0
In Laplace domain (30) is

[+ e-Ah(_I.{P_%.EL)]EI - a

(31)
Writing (31) componentwise as

14 BPsRG) _nu g

S

(32)

Define
G(s) - .(Ef"_“ﬂi_l).e—Atu and G1(3) — jkzul-i-kil)

In the frequency response of the transfer functions
G(jw) and Gi(jw), the magnitude of both transfer
functions is the same, but the phase is different. The
phase of the transfer function G;(jw) starts from -90
degrees and goes to zero as w is increased. The fre-
quency response plot of G1(jw) is shown in Fig. 2 for
some typical values of kp; and ki;. The phase of pure
delay e~2t* decreases linearly as a function of w. For
G(jw), stability is guaranteed if at w = wy, the follow-
ing condition is satisfied,

LGi(jwg) — Atwy, > —180 (33)
where w is the frequency and w, is the gain crossover
frequency. It can be seen that for kp; > 1, a delay in
force feedback always leads to instability of the system.
For kp; < 1, if the condition (33) is satisfied for the
delay then the system is stable. So when £p; < 1 and
delay in force feedback is small so that condition ﬁ::l!i
is satisfied and the motion errors converge to zero then
ey — 0.

5. Simulation Results

Simulations were conducted using the parameters
of the 3-link SCARA type planar arms. The trajec-
tory of the object center of mass is 222 + y? = r? with



z = —rcos(wt/3) and r = 0.1 m. The desired internal
forces on the object were chosen to be [f, fy,n.] =
[10 4+ 2sin(wt/3), 10 + 2sin(xt/3), 0]. Initially the robot
arms are assumed to be grasping the object at the ini-
tial point of the desired trajectory. The unknown dis-
turbances in the arms and the object are assumed to be
di(t) = [2+ sin(nt/2),2 + Lsin(nt/2),0]T, i = o,a,b.
Fig.3 and Fig.4 show the position and internal force
errors respectively. Fig. 5 shows the estimated mass
and inertia of the object. The irue values of the mass
and inertia of the object were assumed to be 20kg and
5kg — m? respectively.

6. Conclusions

A dynamic model has been presented for two robot
arms carrying an object. It has been shown that this
dynamic model helps in designing the motion controller
independent of the force controller. First a stable adap-
tive motion controller is designed and this is shown to
be robust to bounded disturbances in the arms and the
object. Then a feedforward plus PI type force con-
troller is developed and is shown to be robust to small
delays in force feedback when the eigenvalues of the po-
sition gain matrix are upper bounded by one and with
a proper choice of integral gain matrix. Simulation re-
sults validate the proposed controller.

Two robot arms holding an object

Bode gain plot of the transfer function G1(w)
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Figure 2: Frequency response plot of G1(jw).
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