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Abstract

In this work we consider the problem of control of mechanical
systems subject to unilateral constraints. Impulsive forces arise
whenever the constraints become active and these forces give rise
to nonsmooth dynamics. The dynamics of the system is defined
by a set of differential equations with discontinuous righthand
side using Hamilton’s equations of motion. A nonlinear transfor-
mation is applied and the dynamics of the system is written in
two sets of differential equations in the transformed coordinates.
Three different phases (inactive, transition and active) for the
system are formulated depending on the activation/deactivation
of the constraints. A discontinuous controller is designed for the
three phases for tracking the desired trajectories of the system.
Stability analysis is conducted for all the phases using tools like
Filippov’s differential inclusions, nonsmooth Lyapunov analysis
and generalized gradients. We give an illustrative example for
the theory developed.

1 Introduction

In many mechanical systems interacting with an environment,
there are moments of time when they experience a change of
state abruptly. One common application in industry is a robot
following an external surface. In many of these type of appli-
cations, first the robot moves in free space, then makes con-
tact with a surface and follows constrained motion for a spec-
ified time and leaves the surface. A mathematical model for
such systems is a set of differential equations subject to uni-
lateral constraints. When the robot is in free space then the
surface is represented as strict inequality constraints and the
constraints are inactive, and when the robot is in contact with
the surface the constraints are active and expressed as equality
constraints. Whenever the inactive constraints become active,
impulsive forces are generated which give rise to nonsmooth
dynamics. The impulsive forces on the system have to van-
ish before contact force on the surface can be controlled. This
phase where the inactive constraints become active and there
are impulses in the system is called a transition phase. Effective
control algorithms have to be designed for each phase of the
system.

Considerable research has been done in control of robots in con-
strained motion; see [7, 10] and references therein. Much of
this research has been based on the assumption that the robot
is already in contact with the external environment. In many
of the industrial applications the mechanical system is in free
motion before constrained motion starts. The transition from
free motion to constrained motion leads to impulsive forces on
the system. Stability and control of task transition for robots
has been considered in [12] for compliant environment, wherein
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the transition are assumed to take place smoothly. Impact min-
imization by using redundant degrees of freedom in the robots
has been considered in [13]. Nonsmooth Lyapunov analysis us-
ing Filippov’s differential inclusions and generalized gradients is
shown in [5, 6].

The formulation given in this paper covers a broad class of con-
trol problems for mechanical systems interacting with environ-
ment including collision, impact etc. We formulate the nons-
mooth equations of motion using the Hamiltonian framework.
The equations of motion are expressed as first order differential
equations in generalized coordinates and generalized momentum
variables. We transform the generalized momentum variables
using a nonlinear transformation. Three phases of motion are
formulated depending on the activation/deactivation of the con-
straints, these are the inactive, transition and the active phases.
A different set of differential equations describes the dynamics
of the system in each phase. Discontinuous control laws are
proposed for each phase. Stability analysis is conducted for
the proposed control laws for different phases using tools like
Filippov’s differential inclusions, generalized gradients and non-
smooth Lyapunov analysis.

The rest of the paper is organized as follows: In section 2, we give
the basic equations of the system, explain an impact model and
derive differential equation for different phases of the system. In
section 3 some mathematical preliminaries are given and control
laws are proposed. Stability of the proposed controllers is also
shown. We discuss the practical limitations associated with the
problem and the future research that has to be conducted in
section 4. Section 5 contains the conclusions.

2 Basic Equations

By mechanical systems, we mean systems with kinetic and po-
tential energy functions of the form, K(g,q) = %dTM (¢)¢ and
P(q), where ¢ € R™ is the generalized position, ¢ € R™ is the
generalized velocity, and M(g) € R"*™ is the symmetric posi-
tive definite mass matrix. The system is subject to unilateral
constraints of the form

#(q) <0 (21)

where ®7(q) = [¢1(q), $2(2), - ,¢m(g)],m < n. The map
P(-) : R® — R™ is assumed to be sufficiently smooth and the

Jacobian associated with it, Go(q) = 252, has full row rank. It

is also assumed without loss of generality that the rows of Gc(q)
are orthogonal. The Lagrangian of the constrained mechanical
system is a function

£7(¢,4) =K(g,9) — P(a) + & A (2.2)

We define two cases depending on the value of ®(gq), (a) when
®(g) < 0, then A = 0 and the constraint is said to be inactive,



(b) when ®(q) = 0, then A > 0 and the constraint is active. Im-
pact forces arise whenever an inactive constraint becomes active
and these forces are impulsive in nature and give rise to possible
discontinuities in the velocity variable [1]. The generalized mo-
mentum variables are defined as p = M(q)d. The Hamiltonian
for the system is a function

H(g,p) =p" 4 — £*(q,4) (2.3)
and using the Hamilton’s equations of motion we obtain,
i=M"qp
. 1 oM~
p:—-2-(1®pT)—a-q—-p+T+Tg+G';rz\ (2.4)

where 7, = %—7;, ® represents the Kronecker product, and I,
oMt
8q
matrix, and (In Xp 7 ) is a nxn2 matrix. Also, in the presence of
the unilateral constraints the system state, g, lies in the region,
E = {g € ®" : ®(q) < 0}. Another region where all the
constraints are equal to zero is given as S := {g € E : ®(q) = 0}.
When the constraints are inactive the system state g lies in the

region E — S and ¢ is in S when the constraint is active.

represents n X n identity matrix. Notice that isanZxn

2.1 Change of Coordinates

The equations of motion (2.4) are expressed in terms of the
generalized coordinate g and the generalized momenta p. The
differential equations do not have any transparent relationship
with the constraints, except that the motion in these coordinates
of the mechanical system is such that it does not violate these
constraints. We would like to obtain a new set of coordinates
that can be explicitly expressed in some sense with respect to
the directions that are tangential and normal to the surface S.
To obtain these new set of coordinates we consider the following
transformation of the momentum variable p, § = G(q)p, where
6 € R™ are the transformed generalized momenta and G T (@)=
[GJ,G]. The matrix Gu(q) is (n —m) x n and its columns are
orthogonal and obtained by completing the basis. Notice that
with this construction, G(q) is an orthogonal transformation
matrix. Now, using the transformed momenta the equations of
motion (2.4) can be written as

i=M"Yg)G"(g)8
. aM-1
f= _%G(q)(r,, ® aTG-T)A;—qG-lo

+GG70+ Gr + Gry + GGT A (2.5)

The equations (2.5) can also be written in short as
6+ N(q,0) = G(a)7 + G(g)G] (9)A (2.6)
Noting that [G(9)G](9)]T = [G.GT, O (n—m)l, where

Omx(n—m) I8 a zero matrix of size m X (n — m), the equa-
tions of motion (2.6) can be split up into two sets of differential
equations as follows

éc + Ne(q,8) = (2.7)
[ Nu(q, 9) (2.8)

where 87 = [0], 0], Ne(q,6) € R™ and Ny(q,8) € R*~™ are
the first m and last (n — m) components of the n vector N (q,9)
and JJ(q) = Gc(¢)GT (g). 7 and 7, are the first m and last
(n — m) components of the vector G(q)r respectively.

Te + J7 (@Ae

Tu

The first set of differential equations (2.7) represent motion of
the mechanical system normal to the surface S, and the second
set of differential equations represent motion in the tangential
directions of the surface S. Notice that, the motion tangential
to the surface does not involve any constraint force terms, and
the motion in the constrained directions involves the constraint
force terms when the constraints are activated.
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2.2 Impact Model

There is a discontinuous velocity change whenever an inactive
constraint becomes active [1]. The discontinuous velocity change
is caused by an impulsive force on the system. The impul-
sive forces depends on the impact model. We choose a sim-
ple rigid body collision to model impact. Consider a collision
between two rigid bodies, the relationship between velocities
before impact {vi,v2} and after impact {v},v}} is given by

7
_sz—:zi’ where ¢ is a non-negative constant called the

coefficient of restitution. This equation holds if the volume of
contact is small. The value of ¢ depends on the type of collision,
€ = 1 for perfectly elastic impact and ¢ = 0 for perfectly plastic
impact. A smaller value of ¢ means a more loss of mechanical
energy due to the collision. If we consider the second particle is
stationary before and after impact, we can write

£ =

Avi =) —v1 = —(1+&)uy (2.9)
We will use this collision model for the mechanical systems
we consider, to compute the velocity changes during impacts,
ie. when the constraints are activated. Generally, impacts are
treated as very large forces acting over a short duration of time.
If we assume that the impact occurs over an infinitesimally small
period of time, then (i) all velocities remain finite and (ii) there
is no change in the position of the system. If At is the duration
of collision and F(w) is impact force during collision, then the
force impulse F; due to the impact at time t, is

te+AOE
/ F(w)dw.
tx

Since the integration interval is of zero measure, F(w) must take
infinitely large values for F; to be non-zero. So, F(w) must be
considered as a Dirac measure at time £, with magnitude Ff.
Expressing F' = F6;, makes the notion of large forces acting
for a short time dissappear, as it allows one to separate the
magnitude of impact force Fy and its distribution on time axis
6:,[11]. Now, integrating (2.7) over the interval ¢ to ¢ + At, we
obtain,

FI = lim

2.1
At—0 ( 0)

(6F —67)=J] (s (2.11)
where A7 is the magnitude of the impulsive force and the di-
rection of which is opposite to the direction of 6z . Similar to
equation (2.9) we can write

Abe = —(1+¢€)6; (2.12)

Combining (2.11) and (2.12),

Ar=~(1+6)J7 ()07 (213)
Equations (2.12) gives the relationship between the velocity af-
ter impact and the velocity before impact, and equation (2.13)
is the expression for the magnitude of the impact force acting
on the system.

2.3 Mathematical Model for Control

In this section we develop a mathematical model for control con-
sidering all the possible scenarios the system (2.4) goes through
when subjected to unilateral constraints of the form (2.1). We
design the system to go through three phases of motion: @#)
inactive phase (ii) transition phase (iii) active phase. The sys-
tem can be in any one or more of these phases for any given
control task. In the inactive phase the system is in free space
and the constraints are strict inequality constraints. When the
constraints are suddenly introduced then the system is in a tran-
sition motion, where in the velocities normal to the surface S



are non-zero and impact forces act on the system. So, in this
transition phase the goal is to drive the velocities normal to the
surface S to zero. In the active phase, motion control is applied
for the coordinates, 6,, which are tangential to the surface S,
and contact force control is applied for the normal directions.

We also design the impact forces on the system during the tran-
sition phase as impulsive disturbances and express the first set
of differential equations during that phase to be acted upon by
these impulses. The equations of motion (2.7) and (2.8) can be
written for the different phases as

Inactive phase :

i@ = M Y(gG Y98 (2.14)
6. = —No(g,0)+7c (2.15)
6y = —Nu(q,0)+7u (2.16)

Transition phase :
4 M~ (q)G™(9)8 (217)
6. = —Nc(g,0)— Dc(6)5(2(a)) + 7e (2.18)
by = —Nu(g,0)+7u (2.19)

Active phase :

i = M Y9G ()b (2.20)
Te = Ne(g,0u) — I A (2.21)
6y = —Nu(g,0u)+7u (2.22)

where 87 (2(6)) = [6(¢1(6)), 6(¢2(6), -+ , 6(¢m (6))], each term
5(¢:(9)) means an impulse defined by the condition ¢;(f) =0,
D.(8) is the matrix of magnitudes of the impulsive forces, and
Ac is the contact force on the surface.

Remarks: Notice that the system has to follow a particular
sequence of phases for a given task. For example, the system
cannot go from inactive phase to active phase, when the con-

straints are activated suddenly, i.e. when the velocities normal

to the surface S are non-zero.

3 Controller Design

The dynamics of a mechanical system subject to unilateral con-
straints is nonsmooth and is given by discontinuous differen-
tial equations (2.15) - (2.22). Filippov [2] developed a solution
concept for differential equations with discontinuous right hand
side. In [6] a calculus for computing Filippov’s differential inclu-
sion is presented and in [5] Filippov’s differential inclusions and
generalized gradients are used to show stability of nonsmooth
systems using nonsmooth Lyapunov functions. We use a similar
approaches as given in [6] and [5] to prove the stability of the
discontinuous differential equations (2.15) - (2.22) under discon-
tinuous control laws. The definition of the Fillipov’s differential
inclusion can be found in {2] and the definitions of the general-
ized directional derivative and the generalized gradient can be
found in (3].

3.1 Control Laws:

Before proposing the discontinous control laws, we define the
errors and the Lyapunov functions which will be used in the
control laws. The different errors are given as:

€c = q1 — q1d

€y = g2 — Qq2d

ef = Ae — Acd

Oud = Qudad + Qc2q1d

Oca = Qcrd + Qc1dad

Eye = (oc - 9cd) + QcAcec + QoriAven
€yy = (0u - aud) + QuAvey + Qe2Acec

where 14 € R™,q29 € R*~™, and Aog € R™ are the desired
trajectories of q1,q2, and A; respectively. Notice that g =
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[qf,q;—], el = [33161—]1 o7 [02—79;{] and A = diag(Ac, Au).
We assume that g4 and gpq are twice differentiable. The ma-
trices Ac € R™X™ and A, € R*~™X"~™ are positive definite
gain matrices. The matrices Q. € R™X™, Q¢ € R™X"—™,
Q2 € R*~™X™ and Q, € R*~™X"~™ are obtained from the

following decomposition of G(g)M(q) as

ch(Q)]

G(g)M(q) =: Q(q) = [3;(8) Qu(q)

Now, the Lyapunov functions are given by,

Velew) = llevell = ) _ lekel (3.1)
i=1

Valews) = llevalli = ) led| (3.2)
i=1

Vileos) = lleusll =) lekl (33)
i=1

Consider the following control laws for each phase of motion

Inactive phase :

Te = ﬁc(q, 0) - kiC(Q191 dd, q.d’q.d)vvzz(evc) (34)

Tw = Nu(q,8)—kiu(a,0,94,4d, §4)VVu(evu) (8.5)
Transition phase :

Te = ﬁc(‘lﬂ 0) — ktc(, 0,94, 44, Ga)V Ve(eve) (3.6)

Tu = Nu(q¥ a) - ktu(Q» 8, erq.dyq'd)vvu(evu) (3~7)

Active phase :

Ne(q,8) + k52,8, 42, da, 42)V Vi (eus) — JT AfB-8)

Nu(g,8) — kau(g, 0, 4, da» 44)V Vu (evu) (3.9)
(3.10)

Il

Te

I

Tu

where ﬁc(q, #) and N (g,8) are the known part of the vectors,
Nc(g,0) and Nu(g,6). The gains kic(-), kiu(), ktul-), ktu(-),
ks(-) and kqu(-) will be determined during the stability analy-
sis. VVe(eve), VVu(evu) and VVy(eyy) are the gradients of the
Lyapunov functions V.(evc), Vu(evu) and V(e,y) respectively.

3.2 Stability Analysis:

Inactive phase : Substituting the control (3.1) and (3.2) into
the equations (2.15) and (2.16), the closed loop equations for
this phase can be written as:

b € —kicK[VVe(eve)] + K[Ne(q,8) — Ne(q,0)]
by € —kinK[VVi(ewu)] + K[Nu(g,8) — Nu(g, )]

where K[f(-)] is Fillipov differential inclusion of the function
F(-); see [2, 6] for the definition. Using the definition of errors,
the derivative of eyc and ey, can be written as

éyc € —kicaVc(euc) + K[ﬁc] + QcAcéc + Qc1Auéy

+ QcAcec + chAueu - écd (3.11)
évu € —kiuaVu(euu) + K[ﬁu] + QuAu.éu + Qc?Acéc

+  QuAvew + Qe2Acee — Oua (3.12)

From the above equations recalling Filippov’s solution, eyc and
eyy are absolutely continuous and from theorem (2) of [5], the
Lyapunov functions V., and V,, are absolutely continuous and
their derivatives exist almost everywhere except for a set of
measure zero. Now, the following theorem gives stability of the
solutions of the equations (3.7) and (3.8). The proof of which is
given in the appendix I.



Theorem 3.1 With the choice of the Lyapunov eguations
(8.1) and (3.2) and the closed loop eguations (3.7) and (3.8),
the reference velocities é,c and éyy, converge to zero, if the gains
kic(:) and kiy(-) are chosen as following:

kic = Qic+Mic ) ) .
+  |QcAcée + Qe1Auéy + Qelcec + QorAuenw — Ocdl|
kiv = Qiu+Niu

+  [|QuAuéy + QcaAcéc + QuAves + Qeahcec — éud”

where e > 0,5, > 0,1):‘9 = sup{lincl| : 7 € K[ﬁc}} and
Niw = sup{|lnul] : 7u € K[Nu]}.

Transition phase : Consider the equations (2.18) and (2.19)
for motion in the transition phase. Using the control law (3.7),
the stability of closed loop for equation (2.19) can be shown
using the similar analysis as in the inactive phase. Now, for
the constrained equations (2.18), we first give the following
lemma, which shows that during impulses the Lyapunov func-
tion Ve(ewe) is decreasing.

Lemma 3.1 Suppose the velocities before and after the pth im-
pulse are e); and el);, and the Lyapunov function Ve(ewc) =
llevell1, then

VEY — VP < (e - DIIGE I (3.13)

Proof: From the definition of the Lyapunov function we have

VET = I(62 - 021) + QB Acel + QEF Auel Iy
<108 I + QB  AceRt + QB Al — 623

VP = |[(87 — 657) + QB Acel™ +QET Auel |
<627 I + |Q8 " AceR™ + QP Aueh™ — 6% |11

Noting that during impact the desired position and velocities
remain constant and actual position does not change, we have

VEY —VET <[68F |l — 11687 Il

But we know from (2.12) that 687 = —¢6%~, substituting this
in the above equation, we obtain

VIt VP < (e - D62 |l

o
Notice that for ¢ = 0, the impact is plastic and there is no
transition phase. For € = 1, the Lyapunov function remains
constant during the impact. If ¢ < 1 then the Lyapunov function
is decreasing during the impact by the above lemma. Also, the
Lyapunov function is decreasing in between the impacts. Using
the same notation as in lemma (3.1), between adjacent impacts
we obtain, |#8F|y < [[6°TV7||;. Thus, for an integer r > p,
we obtain the following relationship,
65l < () Pli6E I (3.14)

Now the following theorem gives the stability of the transition
phase,

Theorem 3.2 Suppose for the differential equations given in
(2.18), if the control law is given by (3.6), and the Lyapunov
function is given as in (3.1), the reference velocity ey converges
to zero, and as a result both e. and é. converge to zero.
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Proof: The closed loop equations without the impulsive forces
are the same as (3.11). Since from theorem (3.1), the derivative
of the Lyapunov function between adjacent impulses is negative,
so the Lyapunov function is decreasing in this region. Also, dur-
ing the impulses the Lyapunov function is decreasing as shown
from lemma (3.1) and equation (3.14) for ¢ < 1. Therefore the
Lyapunov function is decreasing at the instance of the impulses
and also during the non-occurence of the impulses. Hence, we
conclude that eyc — 0 and from the definition of ey and from
the analysis of the proof of theorem (3.1), both e; and é. con-
verge to zero. 4
Although, we have shown the stability of the proposed control
law for the transition phase, the performance is severely limited
due to the presence of impulsive forces. We would like to reject
the effect of these impulsive disturbances in some way so that
we get better performance in the transition phase. Since, we
know the estimate of the impulsive forces, we reject these over
a finite period of time T; after the impact occurs by increasing
the gain k¢ smoothly. Suppose Ay; is an estimate of the impact
force in the ¢th constrained direction, then we choose a function
fi(t) € L1 N Loo, such that it is zero at the instance of the im-
pact and the area formed by the function f;(t) over T} is equal
to Azi. By rejecting disturbances this way we do not have spikes
in the control torques at the instances of impact.

T;
Yei = / fi(t)dt
0

Let ,Y;!' = {'Yc1;7c2y o ;’70m], then the gain k¢ is given by

kte = Qtc + Nte + ”QcAcéc + Qc1Auéy
+ QcAcec + chAueu - ‘cd” + ”’Yc”

Active phase : In the active phase the equation (2.22) follows
the same stability analysis as explained in the previous phases.
Now, consider the equation (2.21), the closed loop equation is
given by:

éus € ks I K[Vi(eop)] + S TK[N]  (3.15)
The derivative of the Lyapunov function is
Vi =¢&féus (3.16)

Substituting the closed loop equations (3.15) into (3.11), we
have

Vi =—ks&f I B+ £ TS Gs (3.17)
Equation (3.17) is true for all £ € 8V, for some By € 8V},

and for some ¢y € K[ﬁc]. Since (3.17) is true for all {5 € OVy,
we choose it to be £y = argmin{||v|| | ¥ € 8V} and from the
convexity of the set 9V}, we obtain

Vi < —kp&fI7 T e+ £ I T (3.18)
f

Theorem 3.3 With the choice of the control law as given in
(3.8) and with the Lyapunov function (3.3), eys and ef con-
verge to zero, if ks is chosen to be,

kf = af+nac (3.19)
where ay > 0, and Nae = sup{||ne|| : nc € K[IVC]

The proof of this theorem is given in appendix II.



4 Discussions

We considered the problem of control of mechanical systems
subject to unilateral constraints. This formulation convers a
broad class of control problems for mechanical systems inter-
acting with environment including collision, impacts etc. The
mechanical system in motion is typically in one of the three
phases of motion i.e. inactive, transition and active. We have
formulated control laws for each phase of motion and shown
stability for each phase.

‘We have not considered some of the practical issues that arise in
implementing such a design on mechanical systems. Issues like,
how one selects the duration of each phase? This directly influ-
ences the error bound at the end of that phase. An important
issue is to show that the transition phase ends in finite time, re-
sulting in the start of the active phase. The analysis done in the
paper for the transition phase does not show that the transition
phase is finite time. Presently, we do not know if there exists
a rigorous mathematical proof to show that the impulses ex-
actly die down in finite time, which means the transition phase
is finite. Also during transition phase the mechanical systems
goes through several impulses. During the transition phase the
choice of time interval T; over which the impulsive disturbances
can be rejected is an other issue. In the future, we would like to
analyze these situations in more detail. To illustrate the Hamil-
tonian formulation of the theory, we derive the equations for the
UCB-NSK two link robot arm in appendix IIIL.

5 Conclusions

We formulated a control design procedure for mechanical sys-
tems subject to unilateral constraints. The discontinuous differ-
ential equations describing such systems are derived using the
Hamiltonian framework. The differential equations are trans-
formed using a nonlinear transformation, two obtain two sets of
differential equations, wherein only one set contains the contact
force terms. Three phases of motion are defined for the sys-
tem depending on the activation/deactivation of the constraints.
The dynamics in each phase is represented by a set of differen-
tial equations. The impact forces are modelled as impulsive
disturbances. Discontinuous control laws are proposed for the
three phases. Stability of the closed loop system is shown by
using Filippov’s differential inclusion approach for differential
equations with discontinuous righthand sides.

A Appendix

Proof of Theorem 3.1: The proof is given for equation (3.11),
and the proof for (3.12) follows exactly the same lines. The
derivative of the Lyapunov function V; is

Vc(evc) = é:évc

The above equation is true V€c € V.. Substituting equation
(3.11) into the above equation,

VC(eUC) = "kicEcTCc + E;r [ﬂc + QcAcéc
+ chAuéu + QcAcCc + chAuCu - .cd]

This equation is true V&c € 8Ve(eyc), for some { € Vc(evc),
for some 8. € K[Nc]. Choosing & = argmin{||v|| | v € 8Ve}
and from the convexity of the set 8V;, we obtain

Ve(eve) < ~kickd & + &7 [Be + QeAcée + Qe1Auéu
+ QcAcec + chAueu - écd] (A'l)
Now, using the value of k;. as given in theorem (3.1), we obtain

Ve < ~aiclléel® + (léell = ll€c*)llinic + QeAcée

+ Qc1Auéy + QcAcec + chAueu - écd“ (A.2)
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The generalized gradient of V.(evc) at 0 is 8V¢(0) = [~1,1]™
which is the unit m-cube. Since V.(e,c) is convex, the set
8Ve(epe) N (—1,1)™ is empty Veye # 0. Recall that the value
of & is & = argmin{|jvel| ve € 8Ve(evc)}, which implies
ll€cll > 1 Veye # 0. Therefore we obtain,

V < —aicliéell? (A-3)
So we have Vi (evc(t)) absolutely continuous and V; is negative,
therefore from the Lyapunov theorem, ey — 0. Proceeding
along the same lines for the unconstrained directions it can be
shown that ey, — 0. Now, from the definition of errors, we can
write

ey 1= [evc] — [(00 - ocd) + Qc(q)Acec + ch(q)Aueu ]
YT levy (6u — Oua) + Qu(@)Auen + Qea(g)Acec

After reorganizing and recalling the decomposition of G(q)M(q)
we obtain e, = (6 — 83) + G(g)M(g)Ae. Premultiplying e, by
M~1(g)G~1(q) we obtain, é + Ae — 0. Thus, ¢ — 0 and e — 0.
o

B Appendix

Proof of Theorem 3.3: Substituting the value of ky given in
theorem (3.3), in the derivative of the Lyapunov function (3.18),
we get

Vi < —agllésll® + (151l = €1 Imacl) (B.1)
Using, similar arguments as given in appendix I, we can see that,
eys — 0, and from the error equation (3.16), ey is bounded, and
hence ey — 0. o

C Appendix

Example : Here, we give an illustrative example for the theory
developed in the paper. The mechanical system under consid-
eration is a two link UCB-NSK planar robot arm shown in Fig.
1. The mass matrix for the robot is

M(q) - [al + 2a3c2

a2 + a3cz
a2 + azcy

a2

where ¢; = cos(g;), ¢ij = cos(g; + ¢;). The constraint & is given
by ®(g) :=l1¢1 +l2¢12 — d. The constrained Lagrangian for the

Motor 2 NSKRS 608
B Max. Torque  39.2 N-m
;:f" 106k Max.Speed  L1mps
Lo = Encoder Res. 153,600 cpr
ugth 380 mm Liok2
& Mowr2
Link 2
Mass 485kg | Link1 \ & Mowrl
Length 240mm
UCB-NSK Motor 2 NSKRS 1410
Max. Torque 245 N-m
Max. Speed  1.11ps
Encoder Res. 153,600 cpr
Figure 1: UCB-NSK Two Link Robot
system is

w 1. .
£ = 24" M(9)q +Ac®

and the generalized momenta are

[:1] _ [(al + 2a3¢2)d1 + (a2 + a3C2)qz]
2 (a2 + azc2)d1 + az2d2



Figure 2: Robot and the Constraint Surface

We compute the inverse of the mass matrix before giving the
expression for the Hamiltonian, which is

- _ 1 a2
M@= 5|

—a2 — a3c2
—a2 — a3cC2

a1 + 2a3c2

where Am = a1az — af — a?c? is the determinant of the mass

matrix. The Hamiltonian of the system is

H=

1
YN {a2p? + (a1 + 2a3¢2)p3 — 2(a2 + a3c2)p1p2.}
m

The Hamilton’s equations of motion are

[q'l] _ 1 [ azp1 — (a2 + 2a3c2)p2 ]
d2] T Am L—(a2 +a3zc2)p1 + (a1 + 2a3co)p2

p o —ly81 —l2s
P1] _ T 181 ~ l2812
[}32] - [—ﬁgn‘(mmyl +p§y2] + [Tz] + [ —l2812 ]’\c
where 2
(a1a2 — a2 + 2azazcs + acz)assz)
1 =
AL
_ (a2 — a1as — aZc — a1a3cz)2a39;
= AT
Now, the matrix G(g) can be constructed as
- Gc(d)] _ [-1101 —lac12
Gla) = [Gu(Q) Tl -heas

and its inverse is given by

Y2

—l2c12
lici + l2c12

G(q) = ALg [1161 + l3c12

lye12 ]
l2ca2

—licy ~ l2ci2

where Ay = —(lyc1 + lac12)? ~ 1Zc?, is the determinant of the
matrix G(q). Now consider the transformation of p by G(q) as
8 = G(q)p, the equations of motion in the transformed coordi-

nates are
i=M"1(9)G g8
aM—1
dq
+ GGY(@)8 + G(@)7 + G(@)CT () e

b= -éa(q)(zn 2676~ (g) GY(g)0

We compute the different matrices involved and express @ in
terms of 6. and .

M1 0 z
T =T _ 2Y1
In®0°G™) 8g [O ziy1 + z2y2]

4316

where z; = (l1c1 +l2¢12)0c +l2c120u, and 22 = l2c120c ~(Lie1 +
l2¢12)0 and

—(lier +lac12)ws

aM—1 1 Tlaciaw
T =T —1 _* |t2C12un
G(I,®8' G )‘—‘—‘aq G [ —(hier + l2c12)ws

T Ay Lizezws

where wy = —zey1(l1c1 +l2¢12) ~ l2c12(2191 + 2292), and wz =
—laci2z2y1 + (l1c1 + l2c12)(z191 + 2292). Now, for simplicity

define g 0)
dle, 007 (@ = [0 a2 D]

Notice that G depends on both g and 4. So the equations of
motions can be written as

. _ _ b b 0c
¢ = Moo= [ o] (5]
b = —Ne(q,8)+7c+GeGT Ac

éu = —Nu(g,0)+Tu

where Ne(g,0) = 'l—g(l2C12WIOc — (hier +lze12)w16u) + 9110 +
gi26y and Ny(q,0) = A—lg-(lzcu’wzec — (e + lzclz)wzau) +

g210; + g2284. The equations of motion are four first order
differential equations in ¢ and 4,

@1 = bu(q)be +b12(g)bu (c.1)
g2 = ba(q)bc + b22(g)0u (C.2)
6 = =No+7c+ (e +12e12)? + (izc12)*)Ac (C.3)
6y = —Nu+m (C.4)

Now from (C.1) to (C.4), we can obtain the equations for differ-
ent phases and design the control laws for each phase as given
in section 3.
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