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Abstract

In this work we consider the control of two robot ma-
nipulators carrying an unknown object. We consider the
uncertainties in mass, inertia and center of mass of the
object. A dynamic model is obtained for the combined
system. An adaptive scheme is proposed to track the de-
sired motion trajectory of the object in the presence of
uncertainties. A feedforward plus PI type force controller
is designed for internal force control. A Lyapunov based
stability analysis is conducted for the proposed scheme.
In the adaptive motion control scheme for the combined
system we cannot specify the individual torques of the
manipulators uniquely. To obtain a set of individual
torques an optimal control problem is formulated by min-
1mizing a cost function.

1. Introduction

Extensive research has been done in the control of
multiple manipulators carrying an object. In the work
done so far the control algorithms either assume that
the object parameters as known or that only the iner-
tial parameters as unknown [12],[6],(7],[10]. The algo-
rithms proposed so far assume that the center of mass
is exactly known. In this work we propose a control al-
gorithm where we assume both the inertial parameters,
mass and moment of inertia, and the center of mass of
the object as unknown. The center of mass of the object
being uncertain implies that the elements of the grasp
matrix are uncertain. The grasp matrix maps forces at
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the contact points to the forces at the center of mass
of the object. Although the grasp matrix depends on
the location of the center of mass, the null space of the
grasp matrix only depends on the location of the con-
tact points on the object. We design an adaptive motion
controller and parameter adaptation laws for estimating
the uncertain parameters of the object. A feedforward
plus PI type force controller is designed for internal force
control. From the proposed adaptive scheme of the com-
bined system there is no unique way of specifying the
individual torques of the manipulators. To obtain indi-
vidual torques an optimal control problem is formulated
by minimizing a cost function.

The rest of the paper is organized as follows. Sec-
tion 2 gives the notation used and the kinematics of the
system of multiple manipulators carrying an object. In
section 2.3 we show the independence of the null space of
the grasp matrix from the position of the center of mass.
In section 3 we derive the dynamics of the combined sys-
tem using the kinematic constraints. An adaptive con-
troller and parameter adaptation laws are designed in
section 4 and an optimal control problem is formulated.
In section 5 we give conclusions.

2. Notation and Kinematics

2.1. Notation

Here we give the notation which will be used through-
out the paper. Figure 2.1 shows the notation of the co-
ordinate systems.

{OsXpYsZy} Base frame



Robot 2

Robot 1

Figure 1: Notation of Coordinate Systems

{0oXoYsZ,} Object frame
{0:X:Y;Z;}  End effector frame of the i-th manipulator
z; € R Position of the i-th end-effector
wi € R Angular velocity of the i-th end-effector
o € ®° Position of the object c.m.
pi € R Position of the i~th contact point
w.rt {0, XoYoZo}
wo € R* Angular velocity of the object
foi € R Force applied by the i-th
manipulator at the contact
ne € R Moment applied by the i-th
manipulator at the contact
fo € R Effective force at the object
center of mass due to fo1 and fe1
noe € R* Effective moment at the object
center of mass due to n.1 and ne1
Is € ®¥*3 Denotes 3 x 3 identity matrix
Os € 3% Denotes 3 x 3 zero matrix

2.2. Kinematics

In this section we develop the kinematics of the sys-
tem and derive the kinematic constraints associated with
the manipulator system grasping the object. In deriving
the constraints we assume (i) the contact type between
each end effector and the object to be rigid i.e., there
is no relative motion between the end effector and the
object (ii) the manipulators are non-redundant i.e., the
number of joints in each manipulator is same as the de-
grees of freedom of the object. We derive the controller
assuming that the object has six degrees of freedom ie.,
free to move in three dimensional space. This means
that each of the manipulators has six degrees of free-
dom. The effective force and moment at the center of
mass of the object due to forces applied by the individual
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manipulators is given by,

fo = Z fci (21)
2
Nne = Z(nci + pi X fei) (2.2)

i=1

We can express this in matrix form by defining FT
[fo s nols Fo = [fer,nds, fer,na)s Qi = [pix], Wi

gl (I)ﬂ) and W = [W1, Wa], as follows

F, = WF. (2.3)

A contact force F, can be written as sum of two com-
ponent forces, one lying in the range space of the grasp
matrix W, and the other lying in the null space of the
grasp matrix,

Fe

W E, + Pfins (2.4)

where W7 denotes the right pseudoinverse of the grasp
matrix and the matrix P has as its coloumns the null
vectors of the grasp matrix. Now we define the general-
ized velocity of each of the manipulators and the object
as 3 = [&; ,w, |andz] T wa]. Dual to the force

i Wy [:i)o ’
relationship we have the relationship between the end
effector velocities and the object velocities as
2 =Wy %o, 22=W3 %

(2.5)

Combining these two equations by defining 27
[27, 23 | we obtain,
F=WT"%, (2.6)
2.3. Null Space of the Grasp Matrix
The null space of the grasp matrix is P = [I-W W],
where W = W' [WW "]™'. We consider the following
form of the right generalized inverse of the grasp ma-
trix given in [2] to compute the null space and to show
that it is independent of the location of the center of
mass of the object. The right generalized inverse of
the grasp matrix weighted by a matrix A is given by
W = AWT[WAW ], Notice that this definition of
the right inverse means WW ! = I. Using the follow-
ing A matrix, we obtain the right generalized inverse
and the corresponding null space of the grasp matrix,
P=[I-W;fWa), as

03 0413 03 03
A= 0413 Os 03 03
Os Os Os als
O3 O3 als O3



I3 O3

-Q1 I

WI = % I O3

—Q2 I3
Is O3 —1I3 Os
p=1 O3 In Q1—Q: —1I3
2 —1I3 Os I O3
Q-1 —I3 O3 I3

Notice that the null space of the grasp matrix has the
difference of the grasp matrices due to each manipulator.
This difference (Q, := Q2 — Q1) does not depend on the
center of mass of the object but only the contact points
of each manipulator on the object, which is known. So
the null space can be computed without knowing the
center of mass of the object. From now on we will denote
Wiby wt.

3. Dynamics

The object dynamics from the Newton and Euler
equations is of the form,

Mo(20)%0 + Co(2o, 20)20 = Fo (3.1)

where M, € R°%® is the symmetric positive definite in-
ertia matrix and C, € R°%° is the matrix consisting of
Coriolis and centrifugal terms. The arms dynamics in
the cartesian coordinates is

M,(Z«L)Zl —+ C'i(zi, 21)21 + fci = U (3-2)

where i = 1,2, M; is the symmetric positive definite in-
ertia matrix and C; is the matrix consisting of Coriolis
and the centrifugal terms. We also assume that each
manipulators and the object dynamics are derived such
that the matrices M, —2C, and M; —2C; are skew sym-
metric. The dynamics of both the arms in combined
form is

M(2)i +Cl(z,2)% + Fe = u (3.3)

where M = diag(M:1, M»),C = diag(C1,C2), and v =
[u] ,ug ]. Combining the equations of motion using the
constraints (2.4) and (2.6), we obtain the dynamic equa-
tions representing the multiple manipulator system

(M+WTM,W )i+ (C+WFrC,wt )z

+ Pfint =u (3.4)

When the two manipulators rigidly grasp the object
the position and orientation of the object can be en-
tirely specified by the position and orientation of one of
the manipulators [5]. Without loss of generality we can
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take z1 as the independent set of coordinates and z; as
the dependent coordinates and write z2 = Q(21). Dif-
ferentiating this two times successively with respect to
time, we obtain

5o =Ti51 +Tisa

éz = T1 (z1)2.11, (35)

where Ty g—z%. By defining 77 = [Is,T1'], we can
express the velocity and acceleration of z in terms of the

independent coordinate z1 as

5=Ts+ T4 (3.6)

2=T%,

Notice that from equation (2.5) the velocity 22 can be
written in terms of 2; as follows,

be =Wy Wi & (3.7)
This means that the transformation T} is Wy Wi T. So
22 is a linear function of 21 i.e., £ is linear in 2;. More-
over T3 is a constant transformation, which implies that
Ti is zero. Notice that T = [Ig, W, ' W2] and is known,
since Wy WI_T depends on the position of the contact
points and not the center of mass of the object. We can
also relate T and W as TT = W[ 'W. Therefore the
equations of motion (3.4) can be written in terms of the
independent coordinate 21 as

(M + WM W T)T)5 + (C+WTC.W T T4

+Pfint=u (3.8)

4. Controller Design

The control u can be written as sum of two compo-
nents, u = um+uy, such that Wuys = Oi.e., uy lies in the
null space of W. Notice that with u,, = [ull,uLQ] and
uj = [uf1,ufy], the control of individual manipulators
are u1 = Um1 +us1 and Uz = Umsz +uy2. Premultiplying
the dynamic equation of the manipulator system with
T7 we obtain,

H(Zl)ﬁl +N(Z1,Z.1),’él =9 (41)

where H = [TTMT + W 'MW "|,N = [TTCT +
W rCoW T and v = T u = T up. We choose the
following motion control law, internal force control law
and the parameter adaptation law for the unknown ob-
ject parameters as

v=H(z1)5L + N(z1, 21)5 = (Kp + AN )e — Kqé
(4.2)

t
ug = P(fa — Kfpes — KfI/ ef(p)dp)  (4.3)
t

o

p.



M= 7m €y Am( ) (4.4)

Tij = vaj' e Ars (t) (4.5)
Brmj = Tmy€s Brmj () (4.6)
gkj = A,:jleIij ® 4.7)

where H = [TTMT + W}M,W;T], N = [TTCT +
/Wf é\oﬁ/\ﬁ T], 2¢ is the desired cartesian trajectory of
the end effector, fy is the desired internal force trajec-
tory, e = 21 — 2{ is the position error, ef = fint — fa
is the internal force error, e, = € + Ae is the reference
velocity error. K, and Ky are the positive definite po-
sition gain matrix and velocity gain matrix respectively,
X, Ym, Vki>Ymi, \kj are positive constants and m is the
estimated mass of the object. Tkj (k,j = z,y,2) are the
estimated nine inertia components of the object, pm is
the product of the mass of the object and the position of
the center of mass of the object with respect to contact
point of manipulator 1 and Zﬁ are the estimated pa-
rameters which are products of mass of the object and
square of the position of center of mass of manipulator
1. The terms fkj, Pm, and Eij are defined clearly in the
appendix. The expressions for Am, Aij, Bm, Dx; are de-
rived in the appendix. Substituting the control in the
equations of motion we obtain the error equation

Hé+ Né=(H - H)3 + (N - N)#t

—(Kp + AN)e — Kqé (4.8)
Theorem 4.1 a) With the motion control law (4.2)
and the parameter adaptation laws (4.4)-(4.7) and with
proper choice of the gain matrices K4 and K, the mo-
tion errors, e and é asymtotically converge to zero and
the adaptation parameters are bounded.

b) Under the force control law (4.3) the force error ey is
bounded.

Proof: a)

Consider the following Lyapunov function candidate

Vie,é,n) = %eIHev + %eTer + %7,%7712
Z7mjpmj 2 ZZVHI}C]
J k=z j=z
1 z z ~2
YT w
k=z j=c
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where ey
Pmj = Pmj — Pmyjs 5;9] = {kj — &x; and 7 denotes the
combined parameter error set of the object. Taking the
time derivative of (4.9) along the trajectories of (4.8) we
get

e+Ae,m:m—m, Ik] = I}C]—Ik_'l)

Ve, €) = ey Héy + —;-e;rfle,, + &7 Kpe + ymmin

+ Z’Ymapmgpm + ZZ"/kJ[kJIkJ

k=z j=w

+ 505 bl

k=z j=x

(4.10)
Using the skew symmetry property of H — 2N, error
equation (4.8) , and grouping the terms together

Ve é) = —e) [Kq — AH]é — e Kpe + ey [(H — H)z?

+ (N = N)&* + i + vajﬁmjﬁmj

Jj=z
+ ZZ'YkJIk]Ik] + Zz/\,ﬁgk]gki
k=z j=z k=z j=x )

With the parameter adaptation laws (4.4)-(4.7) defined
previously, we obtain

Vie,&) = —(e+ %e)T[Kd — \H](é+ -;-e)

- %T[u{p FNH - AKge  (412)
V (e, ) is negative semi-definite by choosing the positive
definite gain matrics Ky and K, such that Amin[Kq —
AH] > 0 and Amin[d4K, 4+ AN H — AKg] > 0, where
Amin (A) is the smallest eigenvalue of matrix A. Since V
is positive definite, from the above analysis we can con-
clude that e, e, € LooNL2. Also from the error equation

(4.8) € € Loo. Thus, e and é converge to zero.

Proof: b)

To obtain the force error equation and for implemen-
tation we need to have um1 and u;,2. There are many
ways to choose um1 and um2 from the control v. Later
we will discuss one way of obtaining these from the con-
trol law v. The force error equation can be obtained by
substitution of the force control law (4.3) and the mo-
tion controls um1 and um2 into the dynamic equation
(3.8) as

t
P@+mWWKg/w@m=mm@m
0 (4.13)



where 7 is the unknown parameter set of the object.
Since the right side of (4.13) is bounded, exactly the
same analysis as done in [5] shows that the force error
ey is bounded. Moreover if (e, ¢, €, 1) converges to zero,
then the force error e converges to zero. o

Now we show one way of obtaining um1 and 42 from
the control law v. The control v is a function of both
motion torques umi and ums as

V= Um1 + Wfl/ﬂaumg (4.14)
‘We obtain a relationship between um1 and um2 by
minimizing a cost function which is quadratic in wm1
and uma2,
1
Ju = §(U;1um1 + Umatima) (4.15)
Minimizing J,, with respect to um1 and equating this to
zero we obtain,

(4.16)

Another relationship between u; and uz is obtained from
the dynamic equation as

Um1 +Wf1W2um2 = a(zl,é1,51) (4‘17)
The right side of this equation is a function of 21, 21, 31
and the inertial parameters of the manipulators and the
object, all of which are bounded. Also notice that the
right side of this equation does not include terms in wm1
and umo. Taking the partial of this equation with re-
spect um1 we obtain g—z:f = —/W?z" Wi Substituting

this expression in (4.16), we obtain the relationship be-
tween um1 and uma as
Watm1 = Wiume

(4.18)

Using this equation and equation (4.14) we obtain indi-
vidual expressions for torques um,1 and umz as

Uml = [Wl/W\z—l +VV\2W\1—1]_1/W72_1’U (419)
Uma = (W3 + WoWi ] Wyile  (4.20)

5. Conclusions

An adaptive controller has been developed for two
robot manipulators carrying an unknown object. The
object was assumed to be completely unknown, i.e., un-
certainties in the inertial parameters (mass and inertia)
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and also the center of mass of the object were consid-
ered. An adaptive motion control law and a feedforward
plus PI type internal force control law are developed to
track the desired motion trajectory and internal force
trajectory of the object. Parameter adaptation laws for
estimating the unknown parameters of the object are
derived, although some overparametrization has been
done to achieve this. To specify the individual torques
of the manipulators an optimal control problem was for-
mulated by minimizing a cost function.

Appendix

We define the following matrices

00 0 0 01
Ex=10 0 -1| E,=|0 0 0
01 0 -1 0 0
0 -1 0 1 0 0
E.={1 0 0| Ewm=[0 0 0
0 0 0 000
0 0 0] 00 0
Eyw=10 1 0f E..={0 0 0
0 0] 00 1
0 1 0] 00 1
Ewy=|1 0 0| E.=10 0 0
0 0 o 100
0 0 0]
E.=10 0 1
0 1 0]

The matrices H := H— H and N := N — N can
be written in the following manner for seperation of the
unknown parameters,

H=W MWy —witM,wy T

N=W'CW, T —wite,wy T

Hzl + N&§ = Wy MW T — wi M wy Ty

+ W oWy T — Wi Wy T

(5.1)

-1 ~-7_ | Is3 O3 |mls Os| |z @

Wi "MWy = [—Ql [3] [03 Io} [03 13]
_ mI3 le

_[_le Io_de (5.2)

p-5



1 T _ | Iz O3 {Os Os Is
Wi O “{—Ql 13} [03 Solo| |02 I

_ |03 Os

= [03 SOIJ (5.3)
where S, = [w1x] and I, is the inertia matrix of the
object. Since Q is a 3 x 3 skew symmetric matrix, Q%

is a symmetric negative definite matrix. Notice that the
matrix Q7 is

~(ly +6%)  prepiy . p1zp1a
Prepry ~(pi. + piz) PPz,
p1zp1z Plypiz —(piz + piy)

To obtain a parametrization for mQ:1 and mQ? we define
the following terms

Pma = MPz Pmy ‘= MPly Pmz ‘= MP1z
oo 1= “m(l)%y + P%z) Eyy 1= “‘m(/ﬁz + P%z)
§or 1= ~m(P§x + P%y) oy 1= Piopiy
Eyz = mp12p1y Ezz 1= MP12P12

Now we define the parameter errors as pm; := pmj — pmj
(J ==,y,2) and &y = &k — §us (k,J = 2,y,2). With
these definitions the matrices I, mQ1, and m@Q? can be
expressed in terms of the elementary matrices defined
earlier and the unknown object parameters as

To = -/l\:zz;Ewa: + Tnyyy + -TzzEzz

=+ j;yEwy + f;,;Eyz + ZzzEzz (54)

7?2‘@% - mQ? = gmexa: + gnyw +&:2E.,
+ ey oy + &2 Bys + ExBue (5.5)
M1 — MQL = PrmaBa + Py By + pme Bz (5.6)

Now we can write the expressions for A, Ax;, Bj,
and Dy; as

Am:{@;ﬁ g;] (67)
Ay = {gi g:j } oy {gz Sﬁ;kj} (&4 - )\e)(s‘g)
B = [_OESJ, g;] # (59)
ijz[gz g,f]] 34 (5.10)

where j = z,y,z and k =z, 9, 2.
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