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Abstract. In this paper, we consider adaptive con-
trol of a robot carrying a time-varying payload. The
robot dynamic model and its properties are given
for time-varying payloads. This dynamic model and
its properties are different when compared with a
robot dynamic model with constant payload. A
compact parameterization of the dynamics is ob-
tained based on the payload being parameterized
by a group of known bounded functions and un-
known constant parameters. Based on this param-
eterization, a passivity-type adaptive control law is
proposed for the robot with time-varying payload.
Stability of the closed-loop system with the pro-
posed adaptive controller is shown. An experimen-
tal platform consisting of a two-link robot with a
time-varying payload has been developed. The ex-
perimental platform mimics pouring/filling opera-
tions using a robot. Typical experimental results
are shown and discussed.

1 Introduction

Research in the area of trajectory tracking control
of mechanical systems has been widespread. The
trajectory tracking control problem of the robot
manipulators is an important research topic since
many of the tasks such as material handling, trans-
portation, part assembly, etc. performed by robot
manipulators involve such a problem. Many control
designs exist in literature that work well with both
known and unknown constant parameters. How-
ever, in many situations, some of the unknown pa-
rameters, especially the mass of the payload or the
mass of the links, may be time-varying. Examples
of such operations include pouring and filling oper-
ations. Control algorithms exist based on the as-
sumption that the the parameters are constant or
slowly time-varying. However, if the change is sig-
nificant then the robot dynamic model for constant
parameters cannot be used to describe the dynamic
behavior. Limited work in the area of time-varying
mechanical systems exists in the literature. Con-
strained Lagrangian dynamics of discrete systems
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can be found in (1, 2]. In [3], a robust switching
controller is designed for the time-varying param-
eter model of the robot manipulators performing
path tracking tasks. Properties of the element by
element product of matrices is used to isolate the
time-varying parameters from the inertia matrix.
A robust adaptive control for robot manipulators
consisting of slowly time-varying parameters is pre-
sented in [4]. For the constant parameter case, we
refer to [7] for several adaptive motion control de-
signs that appeared in the literature.

Dynamic model for time-varying mechanical sys-
tems and preliminary experimental results for robot
carrying a time-varying payload were given in [8].
In this paper, we introduce the concept of time-
scaling to eliminate the boundedness problem of
time-varying parameters in [8]. The time-varying
payload in the experiments consists of a vessel on
the robot end-effector into which water is poured
in/out during motion to create the time-varying na-
ture. Due to the time-varying payload, the regres-
sor matrix in the adaptation law depends on time
explicitly, we introduce a notion of time-scaling by
mapping a cycle period of the desired trajectory to
the unit interval, [0,1]. The proposed design can
be applied to filling/pouring operations in indus-
try. To test the adaptive controller we design an
experimental platform to mimic filling/pouring op-
erations. This platform consists of a two-link robot
with a time-varying payload. The time-varying na-
ture of the payload is obtained by pumping fluid
in/out of a cylindrical vessel carried by the robot
manipulator. Successful experimental results vali-
date the proposed adaptive designs.

The rest of the paper is organized as follows. In
Section 2, the dynamic model for time-varying me-
chanical system and its properties are given. The
proposed adaptive controller is given in Section 3,
and stability of the closed-loop system is shown.
In Section 4, experimental platform is described.
Dynamic equations and adaptive controller for the
two-link robot example are given in Section 4.1 and



Section 4.2. In Section 4.3, we propose the idea of
time-scaling. Comparative experimental results are
given in Section 4.4. Section 5 gives conclusions of
this work.

2 Dynamics
The dynamic equations of a robot with time-varying
payload [8] are given by

M(Qa mP)q + C(qa ¢L mp)q + F(Q7 mp)q
+g(qamP) =T (1)

where m,(t) is the time-varying payload, M({g,m,)
is the inertia matrix, C(g, ¢, my) is the Coriolis ma-
trix, T is a vector of external control inputs, g(g, m,)
is the gravity vector, and F'(q,1,) is an additional
term that appears in the dynamics because of the
time-varying payload. A complete derivation of the
dynamics given by equation (1) can be found in {g].
In this section, we briefly state the well known prop-
erties of the dynamic model and emphasize the vari-
ations that are obtained due to the additional term
in the time-varying model.

Property 1: The inertia matrix, M(g,m,), is a
symmetric positive definite matrix. This matrix for
all system configurations is bounded from above and
below assuming that m, is bounded.

Property 2: The matrix F(q,1,) is a symmetric
matrix, which is a consequence of the symmetry of
the inertia matrix. )

Property 3: The matrix M (g, m,)—2C(q, ¢, mp)—
F(g,my) is skew-symmetric. Notice that the skew-
symmetry property for the time-varying case is dif-
ferent from that of the time-invariant case.
Property 4: The dynamic equation (1) is linear
in the unknown parameters. This property may be
expressed as

M(q7 ml’)q + C(Q: q; mp)q + F(‘l; mp)q
+9(g,mp) =Y (g,4,9)0(t)  (2)

where 67 (t) := [07 ,m,(t),mhpy(t)] is the parameter
vector, consisting of constant inertial parameters of
the robot (6g) and the time-varying payload (mp)
and its derivative (). Y(g,4,§) is the regressor
matrix, which depends on the joint variables, joint
velocities and joint acceleration.

3 Adaptive Control

Let ga4(t) be the desired trajectory. We assume that
q4(t) is twice continuously differentiable. Let e =
g(t) — gq(t) be the joint tracking error, and e,, =
é+ Ae be the reference velocity error. Consider the
control law, 7, given by

7= Y(q,d,drs )8 — Kupeop (3)

where ¢, = ¢a — Ae, K,, and A are positive def-
inite gain matrices, 6 is the estimate of 6, and
Y(4,4,4r,dr) is given by
Y (9,4, dr,6,)8 = M(q, Pp)dr + C(a, 4, M)
1 = 2 . 1 e A N a ~
+5F(a,mp)dr + 5 F(a,Mp)d + §(g, M)

where A represents the estimate of A. Consider the
following modification using the linear parameteri-
zation property,

Y(Q) [ja Q)e = YO(QJ q'v ‘1)90 + Yl (Q7 47 q)mp(t)

where 6y is a vector of constant inertial parameters
of the robot.

Y (4,4, dr>@)8 = Yo(, &, dr» )80 + Y1 (a5 4 Gr» G )i (2)

+ Ya(q,d, 4, Gr) ip(t) (5)

Now, we assume that the time-varying parameter
vector my(t) is parameterized as follows:

my(t) = ki fi(t) + ko fo(B) + -+ Enfu(t)  (6)

where ki, ks,...,k, are unknown constants, and
f1(t), f2(2),. .., fa(t) are known bounded functions.

3.1 Closed-loop Dynamics
Substituting the control law (3) into the dynamic
equations (1), and after simplifying we obtain

, . 1 .
M(Qamp)evp + C(q, ‘bmp)evp + EF(‘L mp)evp

n
= %(q§q’4T7qT)90 + ZWi(qaq, @r,ijr’t)ki (7)

i=1
where E(t) = /IE,-(t) — k; and
Wi(g,4, 4r, Gr, t) == {fi(t)Y1(q, 4, ¢r, Gr)

+h@aind Ly @

Stability of the closed-loop system can be found in
(5].

4 Experiments

The experimental setup consists of a two-degree-of-
freedom direct drive manipulator with a cylindrical
vessel on the end of the second link. A pipe is con-
nected from the top of vessel to a pump either to
pump fluid in or out of the vessel. Pumping of fluid
in or out of the vessel during the motion of robot
gives the time varying nature for the payload. A
sketch of the experimental platform is shown in Fig-
ure 1. Details of the experimental platform can be

g9 found in [5].



4.1 Dynamic Equations of the Two-Link
Robot with Time-Varying Payload

The dynamic equations of the manipulator are given
by

(9)

where ¢ € R? is the joint position vector, and
7 € R? are the motor torques. The elements of ma-
trices M (g, myp), C(gq, 4, mp), and F(q,1h1p) are given
as follows:

M(q, mp)§ + Clq, ¢, mp)q + F(q, mp)q =T,

My = p1 + 2p2 cos(qz) + vi(g2)myp(t) + I(t)
M2 = ps + p2 cos(gz2) + v2(g2)mp(t) + Ip(t)
Mj = M

M3z = p3 +v3myp(t) + Ip(t)

c) = - [ Q2P (@ +0Q2)p7 ]
—q1p7
Fo=[36 5 w3 2]

where p;,p2,ps are the constant coupled parame-
ters of the robot that contain masses and inertias
of the links and the motors, mp(t) and Ip(t) are the
payload mass and inertia, respectively, p7(mp,q) =
(p2+lilamy (1)) sin(gz), vi(g) = I +13 42012 cos(ga),
v2(gq) = 12 + lil; cos(gz), and vs = I3. The link
lengths are represented by {; and l5. Since the pay-
load is a cylindrical vessel of a fixed diameter, the
inertia of the payload I, (t) = m,(t)(R?/2), where R
is the radius of the cylindrical vessel. According to
the water pump specifications the rated flow rate
of the pump is linear within the operating condi-
tions of the pump. This means that the mass of the
payload varies according to my(¢) = kit, where ky
represents the constant water flow rate in or out of
the vessel. The dynamics is linear in the unknown
parameters,

M(g,mp)§ + C(q,4,mp)q + F(gq,1p)¢ = Y(‘Iy‘l?])?
10

Also, Y (g, ¢, §) can be decomposed to associate with
constant parameters and time-varying payload as

Y(q,4,4)6 = Yo(q,4,§)bo + Y1(2, ¢, ))myp(2)

where 6] = [p1,p2,p3]. Define @ = R?/2, and

y11 = v1(Q)d1 + v2(q)da — lila sin(g2)(d5 + 2d1d2)

Y12 = G1 + G2; 13 = v2(q)G1 + Usde

Y14 = G1 + G2

21 = v2(@)dr + vsde + lila sin(g2) g}

Y22 1= Y125 Yo3 := v2(q)d1 + vsde; Y24 1= Y14
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Then,

Wi(q,4,§, t)k1 == Y1(q, ¢, §)mp(t) + Y2(q, ¢, §)inp(t)
_ t(y11 + ow12) + 13 + ay14 &
t(y21 + ayze) + ya3 + Y24

4.2 Adaptive Controller

The following are the control law and adaptation
laws for the two-link robot with a time-varying pay-
load

T = Yo(q, 4, 4r» G )80 (&) + Wi (4, 4, dr, Gr, t)er (2)

~ RopCup (12)
8o(t) = —To¥{ (4, 4, dr, Gr)eup (13)
E1(t) = ~TaW{ (9,4, dr» Gir)eup (14)

where K, is the positive definite feedback gain ma-
trix, I'; is the adaptation gain matrix and

- [‘761 Ym] (15)

Yoo3
t(z11 + az12) + 213 + 01214]

q.7'2

YEJ(Qv 4, Gr, Qr) dr1 + Ging

t(291 + 0ez92) + 293 + 224
(16)

Wid 4 s ) = [

where Yp13 := 2¢2(Gr1 + Gr2) — (G1r2 + ¢r1G2 +
G24r2)S2, Yo23 := C2dr1 + 82¢14r1, and

211 := v1(@)dr1 + v2(@)Gr2
— lily sin(g2)(dogr2 + q1Gr2 + gr1d2)

1 . . 1 . .
23 1= g (v2(g)g1 + v3ga) + 5 (v2(g)dr1 + v3dr2)

1, . . 1,. .
214 1= 5(‘11 + o) + E(er + gr2)

291 1= v2(q)dr1 + vadr2 + l1l2sin(g2)q14r1

1 . i 1 i .
223 1= 5 \V219)q1 T VU3Q2 = \U209)qr1 + VU3gr2
5 (w2(g)ds + vade) + 5 (V2(@)dr1 +vadr2)

212 = {r1 + Gro; 222 1= 2125 224 1= 214

Notice that the regressor matrix Wi{q,4, 4y, gr,1)
contains time explicitly. Recall that my(t) = kit,
this means that according to the parameterization
(6) f1(t) =t. The function f;(t) in this case is un-
bounded. To avoid this problem, we use the notion
of time-scaling, which is described in detail in the
section below.

4.3 Time-Scaling

We first consider the general case where the func-
tions are given by, fi(t) = ¢, i.e., the time-varying
payload is mp(t) = kit + kot? + -+ - + k,t". Then
the adaptation laws for k; are given by

Et(t) = "FiWiT(Qa d, q.rv zjryt)evp (17)



where

WI() = {tiYI (41 fi, ‘jra[]‘r) + Y2(qs ‘j» QTa‘j)iti_l}

Notice that when the adaptation is run for a long
time (i.e. t large), then any small error e, signif-
icantly magnifies the adaptation law (17). This is
basically due to the fact that the functions f; are
not bounded. During experiments, we have noticed
severe oscillation of k; when ¢ becomes large. To
remedy this situation we map our entire time inter-
val into a unit interval [0, 1]. We do this as follows.
Suppose the robot is performing a periodic desired
trajectory with a period T'. Then the time-varying
payload can be written as

my(®) =3 (D) + 79 (5) (19
i=1

Notice that ¢t/T € [0,1). Define k} = k;T%. Then
the adaptation laws for k] are given by

Ei(t) = LW (q,6,6r,Gr,t/T)ewy  (19)

where

t

. AN
Wi,(') = (T) Y'l(q’ q,9r, Qr) + YZ(Q7q7 qT"Q)z (T)

It should be observed that the modification of the
adaptation law does not affect the stability anal-
ysis conducted in Section 3. It just merely maps
the cycle period to the unit interval, [0,1]. Also,
E,-(t) and E,f(t) are related by a constant T, that is
Ei(t) = (l/Ti)zg(t). Similarly, if the time-varying
payload mp(t) is given by (6), then we can normal-
ize it in some sense, for example

my(t) = k1g1(t) + k3g2(t) + - - + Kpgn(2)
where k{|| fi(t)|l, and gi(t) = fi(t)/)| (D).

For the example considered, where the payload
mass is linearly time-varying, that is m,(t) = kit,
define ki = k1 T. Then, the adaptation law for k{
is given by

Ei(t) = -TiWi (4,4, 4r,Gr,t/T)ewy  (20)

where

Wi) = i(zu +azip) + 213 + azM}

7 (221 + aza2) + 293 + 204

Notice that the adaptive control law (12) is conve-
nient if several cycles of a periodic trajectory are
implemented. Since accumulation of the payload
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mass should be taken into account after every cy-
cle, the control law can be simply changed to

7(5) = Yo(4, ¢, Gr» Gr)80(t) + Wo(g, 4, 4, 6-)B(G — 1)
+ Wl (q’ 47 q'r; q'ry t)/k\;;, (t) - K‘UPEUP

1 o~
Bi = Bj—1 +/0. ki o1 (W)dw (21)

where §(0) =0, 751)0 =0, and

L 211 + Qz12
Wo(q,4,4r,4r) = [221 + a222] ’

and j denotes the cycle index, that is j = 1 rep-
resents the first cycle, and so on. Notice that 8(j)
is updated only once at the beginning the cycle. It
is basically the amount of payload added/removed
in cycle j to the container, which represents a con-
stant payload for the (j + 1)-th cycle. The control
law (21) decouples the constant parameters from
the time-varying payload, i.e. the adaptation laws
for the constant parameters of the robot are not af-
fected by the adaptation laws of the time-varying
payload, and vice-versa. The experimental results
clearly validate this aspect.

4.4 Experimental Results

Extensive experiments were conducted using the
proposed adaptive controller. Results from typical
experiments are presented here. Three groups of
experiments are presented:

e Group I passivity-based controller without
adaptation,

e Group II: proposed adaptive controller with-
out time scaling, and

e Group III: proposed adaptive controller with
time scaling.

Experiments of pumping water into and out of the
cylindrical vessel were conducted for three cases.
Similar results were obtained for both pumping wa-
ter into the vessel and out of the vessel. We show
results for pump-in case only due to lack of space.
Fig. 3 through 4 show the L, norm of the joint
position errors for the pump-in case. The desired
trajectory for the robot end-effector is a circle with a
period of four seconds. Servo sampling rate of four
milli-seconds is used in the experiments. It takes
about ten cycles to fill the vessel with water. For
safety of not spilling the water during the motion
of the robot we use 6-8 cycles.

For Group I experiments, Fig. 2 indicates that
the tracking errors increase with the time-varying
payload.



For Group II experiments, Fig. 3 indicates: that
the the tracking errors decrease for first several cy-
cles and then increase as ¢ increases. Since time
t explicitly appears in the regressor matrix in the
adaptation law, small error in e, is magnified when
t is larger.

For Group III experiments, the Ly norm of the
tracking errors for each cycle, the payload esti-
mate and the robot constant inertial parameters
estimates are given in Figures 4, 5, and 6, respec-
tively. For this group the tracking errors decrease
after each cycle. The tracking errors are bounded by
about one-fourth of a degree for joint 1 and one-half
of a degree for joint 2. The true values of the con-
stant robot inertial parameters without any payload
are p; = 3.4, p2 = 0.4, and p3 = 0.3. We assume no
initial knowledge of m(t), and 50% uncertainty in
the constant robot inertial parameters. From Fig-
ure (5) it can be observed that time-varying payload
estimate converges to the true value. The top plot
in Figure (5) shows the flow rate k; and the bottom
plot shows the payload mass m,(t).

Remarks:

o Parameter estimates are influenced by low ve-
locity friction at the beginning and the end of
each cycle. The peaks in robot inertial param-
eter estimates, Figure 6, correspond to peaks
in desired acceleration, this is due to the fact
that the regressor contains the desired accel-
eration. Also, notice that k; estimates are af-
fected at the beginning and end of the cycle.
This may be primarily due to the presence
of low-velocity friction, since in the middle of
the cycle the estimate of k; is flat when the
velocity is higher.

e The estimation of time-varying payload is in-
dependent of the estimation of the constant
robot parameters. We conducted experiments
with no payload (container empty) and with
full payload (container filled with water), and
observed the estimation of parameters to be
of similar pattern as shown in Figures (5) and
(6).

e Robot parameter estimates are influenced by
the desired acceleration whereas the k; es-
timate is influenced by the desired velocity.
This can be deduced from the correspond-
ing regressors, i.e. Yy(q,4,4r,dr) given by
(15), and Wi(q, ¢, ¢r, dr,t) given by (16). No-
tice that Yy(q, 4, ¢r,§-) has elements involv-
ing desired acceleration. The elements in
Wi(q, ¢, ¢r, G-, t) which have the desired accel-
eration term are multiplied by t.

e Experiment results with typical robot adap-
tive control algorithms designed for the con-
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stant parameter show that the estimates for
constant parameters cannot pick up the time-
varying payload. The tracking errors increase
due to the time-varying payload.

5 Conclusions

Adaptive control of a robot carrying a time-varying
payload is considered in this paper. Dynamic
model of a robot with time-varying payload is given.
Based on this dynamic model we developed an
adaptive controller assuming that the time-varying
parameters are linearly parameterized by a group
of bounded time functions and constant parame-
ters. An experimental platform that mimics fill-
ing/pouring operations using robot manipulators
has been designed to test the proposed adaptive
controller. Due to the time-varying nature of the
payload the regressor matrix in the adaptation laws
may contain time explicitly. This causes parame-
ter convergence problems for large time, even when
small oscillatory errors appear. If the time-varying
payload is not bounded, we proposed a technique of
time-scaling that maps each cycle of the trajectory
to a unit interval. Comparative experimental re-
sults validate the effectiveness of the proposed adap-
tive control design. The experiments conducted in
this paper use a linear rate of change of payload
mass. Our future research in this area will focus on
different rates of change of payload mass.
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