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Abstract: Decentralized control of a class of large-
scale interconnected nonlinear systems with uncertain and
bounded nonlinear interconnections is considered in this
paper. Both state regulation and state tracking problems
are considered. In the case of state regulation it is shown
that a linear decentralized feedback controller achieves
semi-global exponential stability. In the case of state
tracking, a new decentralized discontinuous control law is
designed and is shown to achieve semi-global exponential
stability; a decentralized continuous control law is also
designed, which guarantees that each subsystem tracking
error is ultimately bounded within a certain neighborhood
of zero. For both the regulation and the tracking cases,
the proposed controllers are compared with an existing
higher-order global controller via simulation examples.

1 Introduction

During the past two decades there has been a strong in-
terest in the study of decentralized control of large-scale
interconnected nonlinear systems. An important motiva-
tion for design of decentralized schemes is that the in-
formation exchange between subsystems of a large-scale
system is not needed. A large body of literature on decen-
tralized control of large-scale systems can be found in [1].
The focus of much of the early research was on decentral-
ized control of large-scale systems with first-order inter-
connections [2, 3]. Recently, an LMI scheme for design
of autonomous decentralized controllers and observers for
output control of complex systems has been proposed in
[4] for a class of systems whose interconnections satisfy
quadratic constraints in the states.

In [5], global decentralized schemes were proposed for
large-scale systems with higher-order interconnections;
the interconnections were assumed to be bounded by ap-
th order polynomial in states. Decentralized adaptive con-
trol of large-scale interconnected systems in strict feed-
back form with interconnections bounded byp-th order
polynomials in states can be found in [6]. In both of
these papers the resulting decentralized controller utilizes
(2p− 1)-th order in states to achieve global stability. Due
to the use of the(2p−1)-th order terms in the controller to
compensate for thep-th order terms, the control effort that
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is required is very large; further, these controllers require
large variations in the control effort in a short duration of
time, especially when the initial condition errors are large.
In [7] a non-smooth variable structure controller is de-
signed for regulation of large-scale systems with higher-
order interconnections. Although convergence of the sys-
tem trajectories to the sliding surface of each individual
subsystems is shown by using ap-th order controller, the
convergence of the regulation error to zero once it is on
the sliding surface is not shown. Decentralized adaptive
control of large-scale systems with both linear and non-
linear interconnections is considered in [8]; it is shown
that asymptotic tracking of desired states with zero error
is possible for each subsystem, under the assumption that
each subsystem has knowledge of only the desired states
of other subsystems. In [9] a decentralized adaptive con-
troller has been proposed for a class of large-scale systems
that are in special output-feedback normal form; the pro-
posed decentralized controllers are totally decentralized
for the set-point regulation problem and are partially de-
centralized for the tracking problem.

In this paper, we consider a class of large-scale inter-
connected nonlinear systems with higher-order intercon-
nections, which are assumed to be bounded byp-th or-
der polynomial in states. Both the regulation and the
tracking cases are considered. In the case of regulation,
semi-global exponential stability is shown with a linear
decentralized controller; that is, the states converge to
zero exponentially and the region of attraction can be in-
creased arbitrarily by choosing the control gain. In the
case of tracking, a new decentralized controller is pro-
posed for two different types of nonlinear interconnec-
tions; one assumes that the nonlinear interconnections are
known and the other assumes that the interconnections are
just bounded by higher-order polynomials in states. For
the tracking case, the proposed decentralized controllers
assume availability of the desired states of each subsys-
tem to all individual subsystems.

The remainder of the paper is organized as follows.
Section 2 gives a description of the class of large-scale
interconnected system considered in this paper. The reg-
ulation and the tracking cases are considered in Section 3
and Section 4, respectively. Comparative simulation re-
sults are also presented and discussed on some illustrative
examples for both regulation and tracking in Section 5.
Conclusions of this paper and future research are given in
Section 6.
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2 Description and Preliminaries

Consider the class of large-scale systems consisting of
the following interconnected subsystems:

żi(t) = Aizi(t) + biui(t) + f i
i (z(t)) (1)

wherei = 1, . . . , N , zi(t) ∈ Rni andui(t) ∈ R denote
the state and input, respectively, of thei-th subsystem,
z(t) ∈ Rn1+...+nN denotes the state of the overall system,
Ai ∈ Rni×ni , andbi ∈ Rni .

Assumptions: (I) The pairs (Ai, bi) are controllable.
The vector fieldsf i

i (x1(t), x2(t), . . . , xN (t)) ∈ Rni are
smooth withf i

i (0, 0, . . . , 0) = 0. (II) The interconnec-
tions satisfy the matching condition; that is,f i

i (z(t)) =
biwi(z(t)); and wi(z) is polynomially bounded as fol-
lows:

|wi(z(t))| ≤
N∑

j=1

pij∑

k=1

βijk‖zj(t)‖k. (2)

(III) The state of each individual subsystem is available
to its decentralized controller. For the tracking case, the
desired state of all the subsystems is available to the de-
centralized controller of each subsystem.

The following three algebraic inequalities will be used
in the stability proofs of the regulation and the tracking
control problems. For anyzi ∈ Rni , zj ∈ Rnj , andai ∈
R+ and any positive integersp, k, andN , the following
inequalities are true:

‖zi‖‖zj‖p + ‖zi‖p‖zj‖ ≤ ‖zi‖p+1 + ‖zj‖p+1, (3)
N∑

i=1

‖zi‖
N∑

j=1

‖zj‖k ≤ N
N∑

i=1

‖zi‖k+1, (4)

(a1 + a2 + · · ·+ aN )k ≤ Nk−1(ak
1 + ak

2 + · · ·+ ak
N ).
(5)

3 State Regulation

In this section it will be shown that a linear decentral-
ized controller for each subsystem render the equilibria,
zi(t) = 0, i = 1 : N , semi-globally exponential stable.
In the following we will assume thati andj take values
from 1 to N. Consider the following control input:

ui = −kT
i zi. (6)

whereki is the feedback gain vector. The closed-loop
dynamics with the linear controller is given by

żi = (Ai − bik
T
i )zi + biwi(z). (7)

Since the pair(Ai, bi) is controllable, the eigenvalues of
Āi := (Ai−bik

T
i ) can be arbitrarily assigned by choosing

the feedback gain vectorki. Therefore, for any positive
definite matrixQi there exists a unique positive definite
matrix Pi such that the following Lyapunov equation is
satisfied:

ĀT
i Pi + PiĀi = −Qi. (8)

Let σqi be the minimum eigenvalue ofQi, σ1i := ‖Pibi‖,
σ2i := maxj,k βijk, andpmi := maxj pij .

Theorem 3.1 Consider the large-scale interconnected
nonlinear system(1) that satisfies the assumptions (I)
through (III); and let the control input be given by(6).
If ‖zi(t0)‖ ≤ Rri and the feedback gain vector is chosen
such that

σqi

σ1i
> 2Nσ2i

pmi∑

k=1

Rk−1
ri , (9)

then the equilibriazi = 0 are semi-globally exponentially
stable; that is, the region of attraction for each subsystem,
Rri, can be increased arbitrarily by choosing the corre-
sponding feedback gain vectorki.

Proof. Consider the following Lyapunov function candi-
date for the interconnected system:

V (z) =
N∑

i=1

zT
i Pizi. (10)

The time derivative of the Lyapunov function candidate
along the trajectories of the closed-loop system (7) satis-
fies

V̇ (z) =
N∑

i=1

−zT
i Qizi + 2zT

i Pibiwi

≤ −
N∑

i=1

zT
i Qizi +

N∑

i=1

2zT
i Pibi

N∑

j=1

pij∑

k=1

βijk‖zj‖k

≤ −
N∑

i=1

zT
i Qizi +

N∑

i=1

2‖Pibi‖‖zi‖
N∑

j=1

pij∑

k=1

βijk‖zj‖k

≤ −
N∑

i=1

zT
i Qizi +

N∑

i=1

2σ1iσ2i‖zi‖
N∑

j=1

pmi∑

k=1

‖zj‖k.

(11)

Using the inequality (4) repeatedly, the derivative of the
Lyapunov function candidate satisfies

V̇ (z) ≤ −
N∑

i=1

zT
i Qizi + 2N

N∑

i=1

σ1iσ2i

pmi∑

k=1

‖zi‖k+1

≤ −
N∑

i=1

(
σqi‖zi‖2 − 2Nσ1iσ2i

pmi∑

k=1

‖zi‖k+1

)
.

(12)

If pmi = 1, then the linear controller will result in global
exponential stability via the choice of the feedback gain
vectorki. Assumepmi ≥ 2, then

V̇ (z) ≤ −
N∑

i=1

‖zi‖2
(

σqi − 2Nσ1iσ2i

pmi∑

k=1

‖zi‖k−1

)

≤ −
N∑

i=1

γi‖zi‖2 (13)

where the second inequality is obtained by using (9) and
γi is some positive number. This concludes the proof of
Theorem 3.1.
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Remark 3.1 SinceN and σ2i are fixed, the region of
attraction can be made larger by increasing the ratio
σqi/σ1i. Notice thatσqi is the minimum eigenvalue ofQi

andσ1i = ‖Pibi‖. Therefore one can increase the ratio
by appropriately placing the poles of thei-th closed-loop
system matrix,(Ai − bik

T
i ), by choosing the gain vector

ki.

Remark 3.2 Notice that that there is no communication
between individual subsystems. Further, the region of at-
traction for each subsystem can be increased by the choice
of the feedback gain vector of that subsystem alone.

4 State Tracking

Let theN reference models for theN subsystems be
described by

żmi(t) = Amizmi(t) + biri(t) (14)

whereri(t) are bounded reference inputs andzmi(t) are
the reference trajectories andAmi := Ai − bik

T
i are

asymptotically stable matrices by the choice of the vec-
tors ki. Hence, for any positive definiteQi there exists
a unique positive definitePi such that the following Lya-
punov equations are satisfied:

AT
miPi + PiAmi = −Qi. (15)

The goal is to findui(t) such thatzi(t) are bounded and

lim
t→∞

‖ei(t)‖ := lim
t→∞

‖zi(t)−zmi(t)‖ = 0, i = 1, 2, . . . , N.

Choose the control inputui(t) as follows:

ui(t) = ri(t)− vi(zm(t))− kT
i zi(t) (16)

wherevi(zm(t)) depends on the reference state and will
be given later. The error dynamics resulting from the
above controllers are:

ėi(t) = Amiei(t) + bi(wi(z(t))− vi(zm(t))). (17)

We consider the following two cases for the nonlinear in-
terconnectionswi(z(t)) and choosevi(zm) for each case:

(1) The structure ofwi(z(t)) is known and satisfies

|wi(z(t))− wi(zm(t))| ≤
N∑

j=1

pij∑

k=1

βijk‖ej(t)‖k.

(18)
For this casevi(zm(t)) is chosen as

vi(zm(t)) = wi(zm(t)). (19)

(2) Only a bound onwi(z(t)) is known and is given by
(2), which is reproduced below:

|wi(z(t))| ≤
N∑

j=1

pij∑

k=1

βijk‖zj(t)‖k. (20)

For this casevi(zm(t)) is chosen as

vi(zm(t)) =





eT
i Pibi

|eT
i Pibi|

ρi(zm) if |eT
i Pibi| 6= 0,

0 if |eT
i Pibi| = 0

(21)
where

ρi(zm) :=
N∑

j=1

pij∑

k=1

2k−1βijk‖zmj(t)‖k. (22)

Notice that case(2) is much more general than case(1).
Further, notice that in both casesvi(zm(t)) is a func-
tion of the desired states of all the subsystems, which
are assumed to be known a priori and hence available to
each subsystem controller. As in the regulation case, let
σqi be the minimum eigenvalue ofQi, σ1i := ‖Pibi‖,
σ2i := maxj,k βijk, andpmi := maxj pij . The following
theorem gives stability of the tracking controller.

Theorem 4.1 Consider the large-scale interconnected
nonlinear system(1) that satisfies assumptions (I) through
(III); and let the control input be given by(16). If
‖ei(t0)‖ ≤ Rti and the feedback gain vector is chosen
such that

σqi

σ1i
> 2pmiNσ2i

pmi∑

k=1

Rk−1
ti , (23)

then the tracking errorsei(t) exponentially converge to
zero; further, the region of attractionRti can be increased
arbitrarily by choosing the corresponding feedback gain
vectorki.

Proof. Consider the following Lyapunov function candi-
date:

V (e) =
N∑

i=1

eT
i Piei. (24)

Taking the time derivative and using the error dynamics
results in

V̇ (e) =
N∑

i=1

−eT
i Qiei +2eT

i Pibi(wi(z)−vi(zm)). (25)

We consider the two cases as given above:

(1) Substituting (19) into (25) and simplifying using the
bound (18) gives

V̇ =
N∑

i=1

−eT
i Qiei + 2eT

i Pibi(wi(z)− wi(zm))

≤
N∑

i=1

−eT
i Qiei + 2|eT

i Pibi||wi(z)− wi(zm)|

≤
N∑

i=1

−eT
i Qiei +

N∑

i=1

2|eT
i Pibi|

N∑

j=1

pij∑

k=1

βijk‖ej(t)‖k.
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(2) Noting thatzj = zmj + ej and using the bound on
wi(z)

V̇ =
N∑

i=1

−eT
i Qiei + 2eT

i Pibi(wi(zm + e)− vi(zm))

≤
N∑

i=1

−eT
i Qiei − 2eT

i Pibivi(zm)

+ 2|eT
i Pibi|

N∑

j=1

pij∑

k=1

βijk‖zmj + ej‖k

≤
N∑

i=1

−eT
i Qiei − 2eT

i Pibivi(zm)

+ 2|eT
i Pibi|

N∑

j=1

pij∑

k=1

βijk(‖zmj‖+ ‖ej‖)k.

Using (21) and the inequality(‖zmj‖ + ‖ej‖)k ≤
2k−1(‖zmj‖k + ‖ej‖k), k ≥ 2, we obtain

V̇ (e) ≤ −
N∑

i=1

eT
i Qiei

+
N∑

i=1

2|eT
i Pibi|

N∑

j=1

pij∑

k=1

βijk2k−1‖ej‖k

≤ −
N∑

i=1

eT
i Qiei

+
N∑

i=1

2|eT
i Pibi|

N∑

j=1

pij∑

k=1

βijk2k−1‖ej‖k.

Therefore, in both cases the derivative of the Lyapunov
function candidate satisfies

V̇ (e) ≤ −
N∑

i=1

eT
i Qiei

+
N∑

i=1

2σ1iσ2i2pmi−1‖ei‖
N∑

j=1

pmi∑

k=1

‖ej‖k+1.

Repeatedly using claim 2, the derivative of the Lyapunov
function candidate satisfies

V̇ (e) ≤
N∑

i=1

−eT
i Qiei + N

N∑

i=1

2pmiσ1iσ2i

pmi∑

k=1

‖ei‖k+1.

(26)
Following along the same lines as done in the regulation
case, we obtain

V̇ (e) ≤ −
N∑

i=1

‖ei‖2
(

σqi −N2pmiσ1iσ2i

pmi∑

k=1

‖ei‖k−1

)

≤ −
N∑

i=1

γi‖zi‖2 (27)

where the second inequality is obtained by using (23) and
γi is a positive constant. This concludes the proof of The-
orem 4.1.

The controller for case(2) is not continuous and will re-
sult in chattering. A continuous control law with a bound-
ary layer can be used instead [10]. The auxiliary input
vi(zm(t)) given by (21) is changed to the following:

vi(zm(t)) =





eT
i Pibi

|eT
i Pibi|

ρi(zm(t)) if |eT
i Pibi| ≥ εi,

eT
i Pibi

εi
ρi(zm(t)) if |eT

i Pibi| < εi

(28)
whereεi is the tunable boundary layer thickness of sub-
systemi. In this case the derivative of the Lyapunov func-
tion candidate satisfies the following:

V̇ (e) ≤ −
N∑

i=1

‖ei‖2
(

σqi −N2pmiσ1iσ2i

pmi∑

k=1

‖ei‖k−1

)

+
N∑

i=1

εi

2
ρi(zm). (29)

As a result of choosing the continuous control laws we
must change the sufficient condition given by (23) to the
following:

σqi

σ1i
≥ γi + 2pmiNσ2i

pmi∑

k=1

Rk−1
ti . (30)

whereγi is a positive number. Therefore,

V̇ (e) ≤ −
N∑

i=1

γiσ1i‖ei‖2 +
N∑

i=1

εi

2
ρi(zm). (31)

V̇ < 0 if

‖ei‖ ≥ δi, δi :=
εiρi(zm)
2γiσ1i

. (32)

Let Si denote the smallest level surface ofVi := eT
i Piei

containing the ballB(δi) of radiusδi centered atei = 0.
If ei(t0) ∈ Si then the solutionei(t) remains inSi. If
ei(t0) /∈ Si thenVi is decreasing along the solutions of
(17) and the solution reaches the boundary ofSi in finite
time. In fact, the solution reaches the boundary ofSi in
time

t̄i = t0 +
αi0 − αi

ci0
(33)

whereαi0 = eT
i (t0)Piei(t0), ci0 = min{γiσ1i‖ei‖2 −

εi

2 ρi(zm)}, andαi is such thatαi = eT
i Piei defines the

level surfaceSi. See [10] for details.

5 A comparative simulation study

5.1 The regulation case
Consider the interconnected system composed of the

following two subsystems.

żi = Aizi + biui + biwi(z), i = 1, 2 (34)
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whereAi =
(

0 1
0 0

)
, Bi =

(
0
1

)
, w1(z) = z11z21 +

z2
21, w2(z) = z12z21 + z2

11. The nonlinear interconnec-
tionsw1(z) andw2(z) can be bounded, similar to (2) with
N = 2 andpij = 2, as follows:

‖w1(z)‖ ≤ β11‖z1‖2 + β12‖z2‖2
‖w2(z)‖ ≤ β21‖z1‖2 + β22‖z2‖2 (35)

Higher-order global controller: We first design the
global decentralized control laws given in [5, 6], assuming
that the coefficients of the polynomial bounds are known.
The decentralized control laws for the subsystems are:

ui = −αiBiPizi(1 + ‖zi‖2(p−1)), i = 1, 2. (36)

Sincep = 2 for the example considered, notice that the
control scheme uses cubic terms in the states to com-
pensate for interconnections that are bounded by second-
order terms. Global stability is shown by using the fol-
lowing Lyapunov function candidate

V (z) =
N∑

i=1

p∑

k=1

(zT
i Pizi)k (37)

wherep = maxj pij = 2 denotes the highest degree in
the polynomial bound andPi is the positive definite so-
lution of the algebraic Ricatti equationAT

i Pi + PiAi −
2αiPiBiB

T
i Pi + Qi = 0. Simulation results with ini-

tial conditionszT
1 (0) = [2,−2] andzT

2 (0) = [3,−3] are
shown in Figure 1;αi = 5 andQi = diag(4, 4) is chosen
to solve the above Ricatti equation. The top plot in Fig-
ure 1 shows the regulation of subsystem states to zero and
the bottom plot shows the two subsystem control inputs;
notice that the control input in the transient stage is very
large.

Linear decentralized semi-global controller:The linear
decentralized controllers given by (6) is simulated for the
same plant with the same initial conditions as above. The
region of attraction is chosen to beRri = 5, i = 1, 2; no-
tice that‖zi(0)‖ ≤ Rri for both subsystems. The right-
hand-side of (9), which isNσ2i

∑pmi

k=1 Rk−1
ri , takes the

value of 12. Thus, one needsσqi/σ1i > 12, i = 1, 2.
The choice ofki = [10 10]T , i = 1, 2 andQi equal to
the identity matrix results inσqi/σ1i = 13.459, i = 1, 2,
which satisfies the sufficient condition. Simulation results
using the linear decentralized controller are shown in Fig-
ure 2. Comparison of the simulation results with the two
controllers, Figures 1 and 2, shows that the higher-order
global controller requires a much larger control input as
well as control input variation in the transient stage.

5.2 The tracking case
Consider the same large-scale system with nonlinear

interconnections given by (34). Choose the reference
models to be:

żmi(t) = Amizmi(t) + biri(t) (38)

whereAmi = Ai − bik
T
i . The reference signals are cho-

sen to ber1(t) = 20 sin(2t) andr2(t) = 30 sin(t). The
tracking error dynamics is given by

ėi(t) = Aiei(t) + biui(t) + biwi(zi). (39)

As in the case of regulation, we design the higher-order
global controller first and compare it with the proposed
low-order tracking controller. The decentralized global
higher-order control laws are given by:

ui(t) = ri(t)−kizmi(t)−αibiPiei(t)(1+‖ei(t)‖2(p−1))
(40)

wherep = pi,j = 2 denotes the highest degree in the
polynomial bound. The simulation results with the initial
tracking errors ofeT

1 (0) = [2,−2] ande2[0] = [3,−3]
are shown in Figure 3;αi = 50 andQi = diag(4, 4) are
chosen to solve the algebraic Ricatti equation.

For the proposed continuous controller we consider the
more general case given by case (2) in Section 4, that is,
only a bound on the interconnections,wi, is known. The
initial tracking errors for each subsystem are within the
region of attraction given byRti = 5, the right-hand-side
of (30) is γi + N2pmiσ2i

∑pmi

k=1 Rk−1 = 50 with γi =
2 . The choice ofki = [40 40]T , i = 1, 2 and Qi

equal to the identity matrix results in the ratioσqi/σ1i =
91.74, i = 1, 2, which satisfies the sufficient condition.
Thus, the control input for each subsystem is:

ui(t) = ri(t)− vi(zm(t))− kT
i zi(t) (41)

wherevi(zm) is chosen as given by (28) for the continu-
ous control withεi = 0.001. The simulation results for
the proposed continuous controller are shown in Figure 4.

6 Conclusions

In this paper we have considered semi-globally stable
decentralized control of a class of large-scale intercon-
nected systems. For the regulation case, we have shown
that a linear decentralized controller is able to attain semi-
global exponential convergence of the initial errors to
zero. For the tracking case, we have shown that a lin-
ear decentralized controller together with a discontinuous
bounded term based on desired state trajectories is capable
of assuring exponential convergence of tracking errors to
zero; we have also designed a continuous controller which
assures that every subsystem tracking error is ultimately
bounded within a certain neighborhood of zero. The ad-
vantage of the proposed semi-global controllers over the
global high-order controllers in the existing literature is
that the magnitude of the control input for the semi-global
controllers is much smaller than the global controller. Fu-
ture research will focus on extensions of the ideas in this
paper to large-scale systems that do not satisfy matching
conditions; and also application of the decentralized con-
trollers to practical engineering systems such as web han-
dling systems.
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Figure 1: Regulation. Response using the global controller.
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Figure 2: Regulation. Response using the linear decentralized
controller.
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Figure 3: Tracking. Response using the higher-order global
controller.
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Figure 4: Tracking. Response using the proposed continuous
controller.
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