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Abstract: Estimation of time-varying parameters via local
polynomial approximations in linearly parameterized sys-
tems is considered. A strategy for approximating a time-
varying parameter locally by a polynomial is given. The
estimation time is divided into small intervals; in each inter-
val the time-varying parameter is approximated by a time
polynomial with unknown constant coefficients. A condi-
tion for resetting the parameter estimate at the beginning of
each interval is derived; the condition ensures that the esti-
mate of the time-varying parameter is continuous and allows
for the coefficients of the polynomial to be different in var-
ious time intervals. Modifications of the least-squares and
the gradient algorithms are provided to estimate the time-
varying parameters. Stability of the proposed algorithms is
shown and discussed. Simulation results on an example are
given.

1 Introduction

It is evident from a study of the literature that an impor-
tant motivation for designing adaptive controllers is in deal-
ing with time-varying parameters. Even though research in
identification and control of time-varying systems has been
active during the past two decades, adaptive estimation of
time-varying parameters in linearly parameterized systems
is still an open problem. Most adaptive estimation algo-
rithms, such as the least-squares and gradient algorithms
and a number of variations of them, have nice stability and
convergence properties in the ideal case when the param-
eters are constant[1, 2]. But these algorithms fail to re-
tain most of their properties when the parameters are time-
varying.

Adaptive control of a class of slowly time-varying
discrete-time systems is considered in [3]; it is shown that
the traditional gradient algorithm designed for the estima-
tion of the constant parameters can maintain stability when
the plant parameters are slowly time-varying. In [4], time-
varying linear systems in linear parameterized form with
modeling error is considered for adaptive control design;
gradient algorithm with projection is used to estimate the
time-varying parameters; it is shown that the parameter es-
timation error is bounded under the assumption that the pa-
rameter variations are uniformly small and the modeling er-
rors are bounded by a small exponentially weighted sum
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of plant inputs and outputs. Model reference adaptive con-
trol with slowly time-varying plants can be found in [5]. A
number of results in adaptive control of linear-time vary-
ing plants can be found in [6]. In [7], a comparative survey
with respect to performance and robustness between recur-
sive and direct least-squares estimation algorithms is pre-
sented; a non-recursive algorithm that improves robustness
to bounded disturbances for the case of slowly time-varying
parameters is given.

In [8], it is shown via simulation results that applying
local regression in traditional least-squares with a forgetting
factor can reduce the estimation error in the mean-square
sense for systems with slowly time-varying parameters.
Adaptive control of discrete-time systems with time-varying
parameters can be found in [9, 10]; polynomial approxima-
tion of the time-varying parameters in a discrete-sense is
used in the parameter estimation algorithms. Nonparame-
teric regression techniques to various statistical problems,
using local polynomial modeling, are discussed extensively
in [11]. In [12], an adaptive controller is developed for
time-varying mechanical systems based on polynomial ap-
proximations of time-varying parameters and disturbances;
experimental results of the adaptive controller on a planar
robot are given to verify the proposed adaptive controller.

Systems given by the linear parametric model, where
the unknown parameters are time-varying, are considered in
this work. Local polynomial approximation in a finite time
interval is used to represent the unknown time-varying pa-
rameters. The coefficients of the polynomials are estimated
locally instead of the unknown time-varying parameter. The
accuracy of the approximation depends on the order of the
polynomial and the width of the time interval, which can
be chosen. The polynomial coefficients vary from one in-
terval to the other, but within an interval they are constant.
Thus, each time-varying parameter is approximated inde-
pendently in each interval by a set of constant coefficients.
Based on the approximation, modifications to traditional
least-squares algorithm with covariance resetting and the
gradient algorithm are provided for the linear time-varying
parametric model. Stability of the modified algorithms is
shown and discussed. Comparative simulation results for
the two algorithms on an example are presented.

The rest of the paper is organized as follows. Sec-
tion 2 gives the problem statement. Representation of the
time-varying parameters via local polynomials is discussed
in Section 3. The linear time-varying parametric model in
terms of the local polynomial approximations is described
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in Section 4. The two estimation algorithms, the modi-
fied least-squares with covariance resetting and the modi-
fied gradient algorithm, are discussed in Section 5. Section
6 gives simulation results for an example. Conclusions are
given in Section 7.

2 Problem statement

Consider the continuous-time system given by the
parametric model

���� � ���������� (1)

where ������ � �������� �
�
����� � � �� ������� � �

� is the
unknown time-varying parameter vector, ���� � �� �����
������ � � ��������� � �

� is the known signal vector, and
���� � � is the measured output. It is assumed that �����
belongs to the class of piecewise continuous �-times dif-
ferentiable functions, that is,

����� � ��������� � ��� � � �� � � �� �� (2)

where �������� denotes the �-th time-derivative of �����.
The goal is to design a parameter adaptation law for tracking
the time-varying parameter ����� based on the signal vector
���� and the measured output ����.

3 Representation of time-varying parameters

To represent a time-varying parameter, consider the
following result [13]:

Lemma 1 Let � be an open interval in �, and � be a �-
times continuously differentiable function of � into �; then,
for any pair of points ��� � in �

���� ������ �
��� ���

��
� ������� � � � �� ��� ���

�

��
� �������

�

� �

��

��� �����

��� ���
� ��������	� (3)

where � ������ denotes the 
-th derivative of the function ����.
As a result of Lemma 1, the time-varying function can

be approximated locally at �� as a polynomial of time with
constant coefficients, that is,

���� � ������ � ��������� ��� � � � �� ��������� ���
�

	�

��
���

��������� ���
�� � � ���� �� � � � (4)

where ������ � ��

��� �������� 
 � 
� � � � � �, � ������� is
the 
-th time derivative evaluated at � � ��, and � is the
window length that can be chosen. Assuming the window
is sufficiently small, the last term of (3) is neglibible; that

is, Æ 	�
� �
��

��� �����

��� ���
� ��������	� is negligible. Suppose

that the �� � ��-th derivative of ���� is bounded, that is,
��
� �� ��������� � ��, then Æ can be bounded by

�Æ� � ����� ���
���

��� ���
� (5)

Therefore, it is possible to use (4) to approximate ����
closely by choosing either a higher order polynomial, that
is, � large, or a small interval � such that ���� � � , or both.
If we choose �� as a nondecreasing sequence of time instants
with each difference between adjacent �� not more than � ,
in other words, partition time into segments with the length
of each segment not larger than � , then the time-varying
function ���� can be approximated by a number of polyno-
mials of time locally at each �� with constant coefficients
��; Figure 1 illustrates the idea, where ������ 
 � 
� �� � � �,
locally represents the function ���� by a polynomial in the

-th window. In general, the coefficients � � between two
intervals are different.

The function ���� can also be approximated locally at
�� 	� �� by

���� �

��
���

��������� ���
� (6)

where ������ � ��

��� �������. To express each ������ in
terms of ������� 
 � 
� � � � � �, evaluate the �-th derivative of
(6) and (4) at � � ��; The �-th derivative of (4) and (6) are:

� ������ �

��
���

������

�

�
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��� ���
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�
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��� � (8)

Evaluating (7) and (8) at � � ��, we obtain

������ �

��
���

������

�

���
� ���
��� ���

��� � (9)

Therefore, the relationship between ������� � � 
� � � � � ��
and ������� 
 � 
� � � � � �� is given by
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Figure 1: Local polynomial approximation of continuous func-
tion.
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4 Local polynomial approximation model

Applying the local polynomial approximation to each
element of ����� locally at ��, that is,

��� ��� � ��� � ������ ��� � � � �� ������ ���
�

	� ��� �������� ���
(11)

where ������ 	� ��������� �������� � � �� ��������� is the un-
known constant vector and ���� ��� 	� ��� �� � ���� � �
�� �� � ���

��� is a column vector. Notice that ��� ��� is the
original time-varying parameter that is being approximated
by the time-polynomial with coefficients ���, ���, � � �, ���.
If ���� is defined as the time instant at which the 
-th win-
dow of the local polynomial approximation begins, then � �
is given by the sequence �� � ������ with 
 � 
� �� � � � � and
������ � ���� � � . In the following ���� is referred to as the
resetting time, which is the beginning of the 
-th window of
the local polynomial approximation. Notice that � ����� is
constant only within each interval ������ ������� and in gen-
eral differs from one interval to another for a time-varying
parameter. The parameter vectors at two adjacent resetting
times, that is, �������� and ����������, are related by (10).
The polynomial order � can be chosen different for different
��� ��� based on some a priori knowledge; for convenience, �
is chosen to be the same for all the time-varying parameters.
Therefore, the original parameter vector � ���� is related to
the approximation polynomial coefficient vector ��� �� by

����� � ���� �������� (12)

where ���� ��� � diag������ ���� ����� ���� � � �� ����� ����
is an � 
��� � �� matrix. Equation (1) and the resetting
times can be written as

���� � ���������� � ���������� ���� (13)

�� � ������� 
 � 
� �� �� � � � �

where ���� ��� � ����� �������. As ����� is now a piece-
wise constant vector, the problem of estimating the time-
varying parameter in (1) can be transformed to that of esti-
mating the constant parameter in (13) based on the observa-
tions within each interval ���� ���� �. Consequently, various
estimation algorithms designed for estimating constant pa-
rameters may be employed with appropriate modifications.

By using (10), ��������� and ������� are related by:

��������� � ��������� ������������ (14)

where ��������� ����� � diag���������� � � �� ��������� ������.
Notice that ������� is constant in the 
-th interval, that is,
���� � ������� for all � � ������ �

�

������. Equation (14) will
form the basis for resetting the initial value of the estimate at
the beginning of each interval, and (13) will be used to iden-
tify the constant coefficients of the polynomial in each time
interval. In the next section, the least-squares and the gra-
dient algorithms are modified to estimate the time-varying
parameter vector by introducing a resetting scheme at the
beginning of each interval; the resetting scheme ensures that
the estimate of the time-varying parameter vector, 
�����, is
continuous consistent with the assumptions on the true time-
varying parameters.

5 Time-varying parameter estimation algorithms

Based on the local polynomial approximation de-
scribed in the previous section, the two classical algorithms,
the least-squares and the gradient algorithms, are modified
to identify time-varying parameters.

5.1 Modified least-squares with covariance resetting
In the following, we propose a modified version of the

least-squares with covariance resetting algorithm where, in
addition to the covariance resetting, the initial value of the
estimate is reset at the beginning of each time window of the
local polynomial approximation. The complete derivation
of the least-squares algorithm can be found in [2]. For the
model given by (13), choose the cost function as follows:

��
�� � �

�

� �

�

����� �������	� (15)

where

���� �� �
����� 
��������� ���

�����

is the normalized estimation error, ����� � � � ��� and
��� � ����� ������� ���. The adaptation law is chosen as

�
���� � � ������� ������ ���

�� ��� � ������

��
� � ���� � ���

(16)

where �� � 
, 
���� is the estimate of �����. Further, the
covariance matrix is reset as follows:

� ��� � ���� if ���	�� ���� � ��� (17)

where 
 � �� � ��. (17) ensures that the covariance matrix
is does not get too close to singularity. At the beginning of
each window the initial value of the estimate is reset by


����� ���� � ��������� �����
������ ����� (18)

The motivation for resetting the initial value at the begin-
ning of each interval by (18) is the following: Since the true
parameter ��� ��� is continuous, the estimate, 
��� ���, should
also be continuous; (18) guarantees this at the resetting
points ����. The following shows the continuity of 
����� at
the resetting point. Just before resetting for the �
 � ��-th
interval, using (12) for the estimate, we obtain


����������� � ���������� �����

���������� (19)

At the resetting point, again using (12) for the estimate with
�� � ������,


���������� � ��������� �������
���������� (20)

Substituting (18) into (20) and simplifying results in


���������� � ��������� �����
���������� (21)
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From (19) and (21), since ���� ��� is a continuous function
of �, it can be seen that 
����������� � 
����������.

The following theorem gives the stability of the mod-
ified least-squares algorithm with covariance resetting for
the time-varying model.

Theorem 5.1 The least-squares algorithm given by (16),
together with the covariance resetting given by (17) and the
resetting of the estimate, 
����, at the beginning of each in-
terval, given by (18), has the following properties:

(i) �� ���� 
�� �
� � ��.

(ii) �� ����
�
� � ��.

(iii) If ���� � �� and � satisfies the following persis-
tence of excitation (PE) condition:

����� �
� ��
�

�

���������	� � ������ (22)

�� � 
 and �� � ��

for some 
 � �� � ��, then 
���� converges exponen-
tially to �����.

(iv) The estimate of �����, 
�����, is bounded and continu-
ous. Furthermore, if � satisfies the PE condition given
in (iii), the estimation error ������ exponentially con-
verges to zero within each time interval.

Proof: Consider the Lyapunov function candidate

� ������� � �����������������
�

� (23)

It can be shown that, within an interval (� � ���� �� � � �),
the derivative of the Lyapunov function candidate satisfies:

�� ��� � �����

�
� 
� (24)

Thus, one can can arrive at �
�� �

� and �


� of the theo-
rem as given in [2]. Notice that in (iii) there is an additional
constraint in the PE condition (22), that is, �� � � . This
is necessary for the coefficients of the local polynomial ap-
proximation to converge to their true values within any in-
terval. The following gives the proof of �
 �.

The estimate of ����� for � � ���� �� � � �, 
�����, is
given by 
����� � ���� ���
����� (25)

Hence,

�
������ � ����� ���� �
�����
�
�

���������� ������� ���� �
�����
� !�� ��
����� (26)

where ������
���� ������� ���� � ����� ���

�� � � �����
���

�� is the maximum eigenvalue of ����� ������� ��� and

!�� � �


� � � � � � � �� � ��. The boundedness of 
�����

follows from the fact that 
���� is bounded. Also, taking the
time-derivative of (25), we obtain

�
����� � ����� ���
���� � ���� ���
�
����� (27)

�
����� is bounded within each time interval because ����� ���

and ���� ��� are bounded within each time interval, and 
����
and �
���� are bounded (from �
�). Hence, 
����� is continuous
within each time interval. Recall that the continuity of 
�����
at each resetting point is guaranteed by the resetting of the
estimate at the beginning of each time interval according to
(18). Therefore, it follows that 
����� is uniformly continu-
ous.

Subtracting (12) from (25) yields

������ � ���� ��������� (28)

Therefore, the estimation error, ������, is bounded by

�������� � !�� ��������� (29)

Recall that, from �


�, ����� exponentially converges to zero,
which implies that ������ exponentially converges to zero
within each interval.

Rate of convergence: In the following an estimate of the
rate of convergence of the parameters is derived. The least-
squares algorithm, (16), satisfies [2]:

����� � � ����������������� � � ���� �� � � � (30)

� ��� �
�
��� �� � �����

���
���� �� � �� � �� (31)

where �� � ��
��
����. So, the worst case bound of ����� is

given by

������� � �� ���� ��������� ��������
�
�
����� �� � �����

���
����������� (32)

At the end of the 
-th interval, that is, � � 
� �� �, we have

����
� � ���� �
�
���� � �����

���
������
� ��� (33)

From (28), we have

�����
� � � �� � !�� �����
� � ����
�!�� �

�
���� � �����

���
������
� ��� (34)

Notice that, from (33) and (34), faster convergence of
the estimate of the time-varying parameter vector, 
�����,
and the vector of coefficients of the polynomial, 
����, within
a time interval depends on how small �� is with respect to
� . Further, it also depends on the persistency of excitation
level of the signal vector ���� (��) and ��.
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5.2 Modified gradient algorithm
The gradient algorithm for the time-varying model is

given by

�
���� � ���� � � ������ �������� 
 � 
� �� �� � � � � (35)


����� ���� � ��������� �����
������ ����� (36)

where � � �� � 
. The stability of the modified gradient
algorithm can be proved by using a similar procedure as
that of the modified least-squares with covariance resetting
algorithm with the following Lyapunov function candidate:

� ������� � �

�
��������������� (37)

With the adaptation law (35) and the resetting algo-
rithm (36), the modified gradient algorithm also has the
same properties, �
� � �
 �, as given by Theorem 5.1. The
stability analysis of the gradient algorithm is similar to that
of the least-squares with covariance resetting and is omitted
here.

6 Simulations

Consider the following first-order system given in [7]:

���� � ������"
 �����������
 �������� � ���������������

where ������ � �������� �������
�, ���� � �"
 ���� �
 ����

�,
and���� is the noise introduced into the system. The filtered
input and output signals, "
 ��� and �
 ���, are given by

�"
 ��� � ��

"
��� � �

"����

��
 ��� � ��

�
��� � �

����

where "��� and ���� are the input and output of the plant,
respectively. In the simulation, "��� is chosen to be a ran-
dom signal with zero mean and a variance of 2. � ����� and
������ are approximated by a sixth and first order polyno-
mial of time, respectively. � � 
�� seconds, �� � ��

,
�� � 
�

�, and � � ��

� . The following five sets of
simulations are shown for different sets of parameters.

Set ������ ������ ����
1 ����#�
�
� 
�� 

2 ����#�� 
�� 

3 ����#�
�
� 
�� $�
� 
�
��
4 ����#�� 
�� $�
� 
�
��
5 ����#�� � ����#�
�� 
�� $�
� 
�
��

Figure 2 through Figure 6 show the results correspond-
ing to the parameter sets 1 through 5 shown in the table.
In each figure, (a) and (b) show the estimation results for
the modified least-squares with covariance resetting, and
(c) and (d) for the modified gradient algorithm. Simulation
results show that the estimate converges to a small region
around the true value for both algorithms.

Without the effect of noise in the model, that is, ���� �

, the the modified gradient algorithm gives better estima-
tion of parameters than the modified least-squares algo-
rithm. This is because the adaptation of the estimated pa-
rameters is driven by instantaneous output error in the gradi-
ent algorithm. However, the least-squares algorithm focuses

on minimizing an integral function of the normalized output
error. Consequently, the least-squares algorithm responds
slower to parameter variations than the gradient algorithm.
In the presence of noise, modified least-squares algorithm
gives smoother estimates than the modified gradient algo-
rithm. Simulation results also show that both algorithms
provide stable estimation of time-varying parameters.

7 Conclusions

We developed modified versions of the traditional
least-squares and gradient algorithms for adaptive estima-
tion of unknown time-varying parameters in linear para-
metric models. The time-varying parameters were approxi-
mated locally in small intervals of time by truncated Taylor
series expansion in finite intervals of time. A strategy to
reset the initial value of the parameter estimate at the be-
ginning of each time interval is given; this assures that the
parameter estimate is continuous at the resetting points. Sta-
bility and convergence properties of the proposed estima-
tion algorithms were given. Simulation results conducted
on an example verify the proposed algorithms. One particu-
lar feature of the method described is that the time-varying
parameters are not assumed to be slow time-varying, be-
cause both the parameters and their time derivatives are
estimated locally. Although the estimation algorithms are
developed in the continuous-time domain, they can be ex-
tended to the discrete-time domain under the assumption of
fast sampling. Future research will focus on robustness of
the proposed algorithms to the modeling error in the lin-
ear time-varying parametric model, that is, consider time-
varying systems that cannot be exactly placed in the form
given by (1).
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