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Control of Contact Problem in Constrained
Euler–Lagrange Systems

Prabhakar R. Pagilla

Abstract—Stabilization of an Euler–Lagrange system onto a constraint
surface when the system makes contact with a nonzero impact velocity is
an important problem in systems interacting with external environments.
Potential applications include robotic surface following and surface fin-
ishing operations in manufacturing industry. In this paper, the constrained
dynamic equations are modeled as a set of nonsmooth differential equa-
tions depending on whether the system lies on the constraint surface or
the system repeatedly makes and loses contact with the constraint surface.
The focus is on the initial condition problem, i.e., the system hits the con-
straint with a nonzero impact velocity. A new discontinuous control scheme
is proposed that ensures stable regulation of the system onto the constraint
surface.

Index Terms—Discontinuous control, Euler–Lagrange systems, impact,
nonsmooth Lyapunov analysis, unilateral constraint.

I. INTRODUCTION

In this note, we consider systems described by Euler–Lagrange
equations with a single unilateral constraint. Let the kinetic and
potential energy of the Euler–Lagrange system be given byK(x; _x) =
(1=2) _xTM(x) _x andP(x), respectively, wherex 2 n is the general-
ized position,_x 2 <n is the generalized velocity, andM(x) 2 <n�n

is the symmetric positive–definite inertia matrix. Letu 2 <n be
the input forces, andf�(x; _x) 2 <n denote the nonconservative
forces resulting from the discontinuous elements like friction, dead
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zones, etc. Let the single constraint be given by�(x) � d � 0,
whered is a constant. The constraint takes the strict inequality form
when the system is not in contact with the surface. When in contact
with the surface, the constraint forces on the system are given by
f�(x; �) = gT� (x)�, whereg�(x) := r�(x) and� is the Lagrange
multiplier associated with the constraint. We assume that the constraint
surface is rigid and frictionless. The Lagrangian for the system is
L(x; _x) = K(x; _x) � P(x). The motion of the constrained system is
described by the equations:

d

dt

@L(x; _x)

@ _x
�

@L(x; _x)

@x
= u+ f�(x; _x) + f�(x; �): (1)

Assuming that the constrained Euler–Lagrange system is as
described above, the problem that is investigated in this paper can be
stated as follows: given a nonzero initial impact velocity of the system
normal to the surface, i.e.,�(x) = 0 andg�(x) _x 6= 0, the control
objective is to regulate the system onto the surface such that�(x) = 0
andg�(x) _x = 0.

Research in characterizing the constrained dynamics of such sys-
tems has been active in the mechanics literature; see [1]–[3] and the
references therein. Considerable research has been done in motion and
force control of robots in constrained motion; see [31] and the refer-
ences therein. Much of this research has been based on the assumption
that the system is already in contact with the external environment. In
many industrial applications such as robotic surface finishing, the robot
moves in free motion before making contact with the surface. If the
robot hits the surface with a nonzero impact velocity then transition
from free motion to constrained motion involves impulsive forces on
the system and the velocity variable is discontinuous. Uncertainty in
constraint surface location could cause impact of the system with the
surface. The system may experience repeated bounces on the surface
depending on the magnitude of the impact velocity. Stable regulation
of the system onto the constraint surface is required before applying
motion and force control for the system to travel on the surface.

In literature, a number of controllers have been designed to deal with
contact transitions. In [4], the environment is treated as a mechanical
impedance and impedance control is used during contact transition.
A dimensionless representation of impact behavior was developed in
[5] and an integral force feedback is used to improve transient impact
response. Stability and control of task transition for robots has been
considered in [6] for a compliant environment, wherein the transitions
are assumed to take place smoothly. Impact minimization by using re-
dundant degrees of freedom in the robots has been considered in [7].
Force regulation and contact transition control is considered in [8]. A
discontinuous control approach to general task execution of manipu-
lators interacting with a compliant environment has been considered
in [9]. In all these control algorithms, the transition is assumed to be
smooth and/or an explicit impact model is used. In this paper, we de-
scribe the motion of the constrained Euler–Lagrange system as a set of
nonsmooth differential equations. A new discontinuous control algo-
rithm that ensures stable regulation of the system onto the constrained
surface in finite time is proposed. Since the closed-loop equations are
nonsmooth, results from nonsmooth Lyapunov theory [10]–[13] are
used to show stability.

The proposed control algorithm can be designed for any surface as
the impact model is not used in the design of the control algorithm.
Impact phenomena has been extensively studied in literature; see [1],
[14]–[17]. Researchers favor different impact models depending on the
contact condition and the applications under consideration. Typically
there are three distinct definitions of the coefficient of restitution: i)

0018–9286/01$10.00 © 2001 IEEE



1596 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 46, NO. 10, OCTOBER 2001

kinematic coefficient (Newton’s coefficient), defined as a ratio of ve-
locities, ii) kinetic coefficient (Poisson coefficient), defined as a ratio
of impulses, and iii) energetic coefficient, defined as a ratio of ener-
gies. [14] favors the energetic coefficient whereas [17] uses the kine-
matic coefficient, and [18] favors the kinetic coefficient. See [16] for
an overview of the impact models.

The rest of this note is organized as follows: In Section II, nonsmooth
differential equations describing the constrained dynamics are devel-
oped. Control algorithm and stability of the closed-loop system is given
in Section III. Section IV concludes this note with a summary and fu-
ture work.

II. CONSTRAINEDDYNAMICS OF EULER–LAGRANGE SYSTEMS

It is known in the mechanics literature [1], [3], [19] and the robotics
literature [24], that the generalized position,x, can be transformed such
that the constraint can be represented as a link constraint in one coordi-
nate variable in the transformed coordinates. This is usually done as fol-
lows. The generalized position,x, can be partitioned asxT = (x1; x

T
2 ),

wherex1 2 <1 andx2 2 <n�1. By the implicit function theorem
[20], there exists a function�(�) such thatx1 = �(x2). Knowing
thatx1 can be expressed in terms ofx2, a change of coordinates can
be made by constructing a transformation, (�): (x1; x2) ! (q; r).
This transformation is given byq = x1 � �(x2), r = x2, where
q 2 <1 andr 2 <n�1. Notice that the inverse of this transformation is
x1 = q+�(r) andx2 = r. The Jacobian of the inverse transformation
is ann�n matrix denoted byT (r), and relates the velocities( _x1; _x2)
and( _q; _r), that is

_x1
_x2

=
1 @�(r)

@r

0 In�1

_q

_r
(2)

whereIn�1 denotes an identity matrix of sizen � 1. In the trans-
formed coordinates, whenq = 0 the system is on the constraint surface.
Without loss of generality, we assume thatq � 0 lies in the work space
of the system. If this is not so, then one can defineq = �(x2) � x1
such thatq � 0. Also, in the transformed coordinates the input forces,
constrained forces, and the friction forces areT T (r)u, T T (r)f�, and
T T (r)f�, respectively. The kinetic energy in the transformed coordi-
nates is

K�(q; _q; r; _r) =
1

2
[ _q _rT ]

a(q; r) bT (q; r)

b(q; r) A(q; r)

T (r)M(q;r)T (r)

_q

_r
: (3)

Notice that in the above expression, the inertia matrix in the trans-
formed coordinates is partitioned appropriately to suit the size of the
transformed coordinates(q; r). LetP�(q; r) represent the potential en-
ergy in the transformed coordinates, then the transformed Lagrangian
is

L�(q; r; _q; _r) =
1

2
a(q; r) _q2 + 2 _qbT (q; r) _r + _rTA(q; r) _r

�P�(q; r): (4)

The constraint in the transformed coordinates is transparent, i.e.,
whenq = 0 and _q 6= 0, then there is an impact. The following sets
distinguish whether the system lies on the surface or away from the
surface:

Sct :=fq; _q 2 <
1; r; _r 2 <n�1: q = 0; _q 6= 0g (5)

Sca :=fq; _q 2 <1; r; _r 2 <n�1: q = 0; _q = 0g (6)

Su :=fq; _q 2 <1; r; _r 2 <n�1: q > 0g: (7)

The system in the transformed coordinates is given by the Lagrangian
L�(q; r; _q; _r), input forces(uq; ur) := T T (r)u, nonconservative
forces(f�q; f�r) := T T (r)f�, and the constraint on the system is

q � 0. The constraint force vector in the transformed coordinates is
(f�q;0) := T T (r)f�. Notice that the lastn�1 elements of the vector
T T (r)f� are all zero due to the fact that the direction of the velocity
_q is normal to the constraint surface. Denote

c(q; _q; r; _r) :=
@L�

@q
+ _a(q; r) _q � f�q(q; r; _q; _r) + _bT (q; r) _r

C(q; _q; r; _r) :=
@L�

@r
+ _A(q; r) _r � f�r(q; r; _q; _r) + _b(q; r) _q:

Notice thatc(q; _q; r; _r) 2 <1 andC(q; _q; r; _r) 2 <n�1. Using La-
grange’s equation of motion and with the knowledge of the sub-divi-
sion of the state space, the following equations describe the dynamics
of the constrained system:

a(q; r) bT (q; r)

b(q; r) A(q; r)

�q

�r
+

c(q; _q; r; _r)

C(q; _q; r; _r)
=

uq

ur
+

f�q

0
: (8)

If (q; r) 2 Sct, then the jump condition for (8) is given by

_q+ = D(q; _q�) (9)

where _q+ and _q� represent the post and pre-impact velocities, respec-
tively, andD(�) represents an operator which maps pre-impact ve-
locity into post-impact velocity. This operator can take several forms
depending on the choice of the impact model for the constraint surface.
Generally, impacts are treated as very large forces acting over a short
duration of time. If we assume that impact occurs over an infinitesi-
mally small period of time, then (i) all velocities remain finite and (ii)
there is no change in position of the system. Integrating (8) for the du-
ration of impact, the dynamics during impact becomes

a(q; r) bT (q; r)

b(q; r) A(q; r)

_q+ � _q�
_r+ � _r�

=
fqI

0
(10)

where _r+ and _r� represent post and preimpact velocities, respectively,
andfqI is the force impulse due to impact. Both the post impact ve-
locity and the force impulse can be computed knowing the impact map.
The impact map can be chosen based on an impact model. For the
Newton’s impact model,D(�) = �� _q�, where� is the coefficient of
restitution. In this paper, we assume existence of an impact model that
satisfies the conditionj _q+j = jD(q; _q�)j � "j _q�j, where0 < " < 1.
The lastn�1 equations of (10) can be used to compute the postimpact
velocity _r+ from the preimpact velocity_r�, _q� and the impact model.
Assuming Newton’s impact model the postimpact velocity is given by

_r+ = _r� + (1 + ") _q�A
�1(q; r)b(q; r): (11)

Also, the force impulse,fqI , can be computed using the first equation
of (10) and (11). The transformed dynamics of the system away from
the surface can be rewritten as

�q

�r
+

nq(q; _q; r; _r)

Nr(q; _q; r; _r)
=

vq

vr
(12)

where

nq(q; _q; r; _r)

Nr(q; _q; r; _r)
=

a(q; r) bT (q; r)

b(q; r) A(q; r)

�1
c(q; _q; r; _r)

C(q; _q; r; _r)

and

vq

vr
=

a(q; r) bT (q; r)

b(q; r) A(q; r)

�1
uq

ur
:

The dynamics of the system away from the surface, (12), together with
the generic impact model of (9) describe the dynamics of the non-
smooth system in the transformed coordinates. Controller design and
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closed-loop stability for stabilization of the system onto the surface is
given in the following section.

III. CONTROLLER DESIGN AND STABILITY

The control objective is as follows. Given a nonzero initial condi-
tion, i.e.,q(0) = 0 and _q(0) 6= 0, we want to design a stable con-
trol algorithm for constrained nonsmooth dynamic equations (8) and
(9), for regulation ofq(t) and _q(t) to zero andr(t) to rd, whererd
is the desired position ofr(t). For ease of expressing the controllers
and the closed-loop error equations the following errors are defined:
evq = _q+ �qq, er = r(t)� rd, andevr = _er + �rer, whereevq and
evr are the velocity reference errors in the variablesq andr, respec-
tively, and�q and�r are positive gains. Before designing the control
algorithms, the following nonsmooth positive–definite Lyapunov func-
tion candidates are defined:

Vq(evq) =jevqj (13)

Vr(evr) =kevrk1 :=

n�1

i=1

jevrij (14)

whereevri is theith element of the vectorevr . WhereverrVq(evq)
andrVr(evr) exist (more precise details will be given), consider the
following control algorithms:

vq =nq(q; r; _q; _r)� �qa(q; r) _q � kqrVq(evq)� �qqevq

� �q
@Pq(q)

@q
(15)

vr =Nr(q; r; _q; _r)� �qA(q; r) _er � krrVr(evr) (16)

wherekq, kr, and�q are positive constants,Pq = (1=2)q2, andrV
represents the gradient of the functionV . Notice that the control law
(15) contains a nonlinear term and a potential force field term. The
closed-loop error equations are

_evq =� kqrVq(evq)� �qqevq � �q
@Pq(q)

@q
a.e. (17)

_evr =� krrVr(evr) a.e. (18)

The right-hand-side of the closed-loop error equations is nonsmooth.
Before we prove stability of the solutions of the closed-loop error equa-
tions, we state some results from nonsmooth Lyapunov theory that will
be used. Specifically, the solution concept for differential equations
with discontinuous right-hand sides proposed by Filippov [11] is given,
followed by a definition of Clarke’s generalized gradient [12] and some
results from [13] on computation of a time derivative of a nonsmooth
Lyapunov function. Consider a system given by

_z = f(z) (19)

wherez 2 n andf(z) is a general discontinuous function. The fol-
lowing definition gives the solution of (19) in the sense of Filippov.

Definition 1 ([11]): An absolutely continuous vector function
z(t): [t0; t1] 7! <n is said to be a solution of (19) in the sense of
Filippov if for almost allt 2 [t0; t1]

_z 2
�>0 N

�cof(B(z(t); �)�N) =: K[f ](z) (20)

where �co denotes the convex hull,B(z(t); �) is a ball of radius� cen-
tered atz(t) and the intersection is taken over all setsN of measure
zero.

The following definition gives Clarke’s generalized gradient of a lo-
cally Lipschitz function.

Definition 2 ([12]): For a locally Lipschitz functionV :<n ! <
define the generalized gradient by

@V (z) = �co flimrV (zi)jzi ! z; zi =2 
V g (21)

where
V is the set of zero measure, where the gradient ofV is not
defined.

Now evq(t) andevr(t) are solutions of the closed-loop error equa-
tions (17) and (18), respectively, in the sense of Filippov, if

_evq 2 � kqK[rVq](evq)� �qqevq � �q
@Pq(q)

@q
(22)

_evr 2 � krK[rVr](evr) (23)

whereK[�](�) is the set as defined in definition 1. Further, using the
calculus forK (see [10, Th. 1]),K[rV ](z) = @V (z), where@V (z)
is the Clarke’s generalized gradient. Also, in what follows, we will as-
sume existence and uniqueness of Filippov solution of the closed-loop
error equations. Before we prove stability of the closed-loop solutions,
we invoke the following two results from literature that will be used
to prove finite time stability. The first is theorem 2.2 of [13], which
defines(d=dt)V (z) as an element of a set constructed from@V and
K[f ](z). The second is [10, Th. 2], which is the Lyapunov theorem
generalized to nonsmooth systems.

Theorem 1 ([13]): Let z(t) be a Filippov solution to_z = f(z) on
an interval containingt andV :<n ! < be a Lipschitz and a regular
function. ThenV (z) is absolutely continuous,(d=dt)V (z) exists al-
most everywhere, and

d

dt
V (z) 2a:e: _~V (z) (24)

where

_~V (z) :=
�2@V (z)

�TK[f ](z): (25)

Theorem 2 ([10]): If 1) V :<n ! <; V (0) = 0, andV (z) > 0,
8z 6= 0 and 2)z:< ! <n andV (z(t)) is absolutely continuous on
[t0;1) with

d

dt
[V (z(t)] < �� a.e. onftjz(t) 6= 0g (26)

where� > 0, thenz(t) converges to zero in finite time.
The proofs of both the theorems can be found in the respective ref-

erences that are cited. The following theorem gives the stability of the
solutions of the closed-loop error equations obtained with the proposed
controller.

Theorem 3: For the differential equations describing the motion of
the constrained Euler–Lagrange system, using the control algorithms
given by (15) and (16), stable regulation of the system onto the con-
straint surface is achieved in finite time, i.e.,q, _q, ander converge to
zero in finite time.

Proof: Construct the following composite Lyapunov function
candidate,

V (q; evq; evr) = 
Vq(evq) + Vr(evr) + �qPq (27)

where
 is a positive constant. Then

_~V (q; evq; evr) =
� 2@V


 (�kq�q@Vq(evq)� �qq�qevq � �qq�q)

�
� 2@V

kr�
T
r @Vr(evr)

� �q�qq
2 + �qqevq (28)

where we have used (22) and (23) andK[rV ](z) = @V (z). Choose
�q = argminfk�qk: �q 2 @Vqg and �r = argminfk�rk: �r 2
@Vrg, then the convexity of the sets@Vq and@Vr gives

_~V (q; evq; evr) � �
kq�
2
q � kr�

T
r �r � �q�qq

2 + �q
jqk�qj

��qq(
jevqj�
2
q � evq): (29)
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Notice that@Vq = SGN(evq), whereSGN(�)1 denotes the set valued
sign function of(�). SinceVq is convex, the set@Vq(evq)\(�1; 1) = ;,
for all nonzeroevq (see [12] for details). Thus,�2q = 1 for all nonzero
evq . Similarly, sinceVr is convex, the set@Vr(evr)\(�1; 1)n�1 = ;,
for all nonzeroevr . Thus,�2r � 1 for all nonzeroevr . Also, since
q � 0, and if
 � 1, then the last term in (29) is always positive, i.e.,
�cq 
jevqj�

2
q � evq � 0. Therefore

_~V (q; evq; evr) � �kr�
T
r �r � 
kq�

2

q � �q�qq
2 + �q
jqk�qj: (30)

Let kq = kqc + 
 and�q = 
c + (�q=4). Then

_~V (q; evq; evr) � �kr�
T
r �r�
kqc�

2

q��q
cq
2�(
�q�

�q
2
q)2: (31)

Since�Tr �r � 1 and�2q = 1 for nonzeroevr andevq, respectively, we
obtain

_~V (q; evq; evr) � �kr � 
kqc: (32)

Hence, we can conclude from the generalized Lyapunov theorem (The-
orem 2) thatevq , evr andq converge to zero in finite time. To show that
the Lyapunov function given by (27) is decreasing after every impact,
we consider the post and preimpact Lyapunov functions given by

V+ =
j _q+ + �qqj+ k _r+ + �rerk1 + �qPq (33)

V
�

=
j _q
�

+ �qqj+ k _r
�

+ �rerk1 + �qPq: (34)

Notice that we have used the fact that during impact position remains
the same and the force impulse is in the normal direction. Also, notice
that during impact the system is on the constraint surface, which means
thatq = 0 ander = 0. Using (9) and (11) in the above equations and
simplifying, we obtain

V+ � V
�

�
j _q+j � 
j _q
�

j

+ _r
�

+ (1 + ") _q
�

A�1(q; r)b(q; r)
1
� k _r

�

k1

�� 
(1� ")j _q
�

j+ (1 + ")j _q
�

j A�1(q; r)b(q; r) :

Since the inertia matrix is bounded from above and below, we can upper
bound the expressionkA�1(q; r)b(q; r)k, say by�b. Hence

V+ � V
�

� �
(1� ")j _q
�

j+ �b(1 + ")j _q
�

j: (35)

Choosing
 � �b(1 + ")=(1� "), we obtainV+ � V
�

� 0. The last
term in the control law (15), and hence in (17), acts as a force field that
directs the system toward the constraint surface. The quantityPq(q)
can be thought of as a potential energy term for the coordinateq in the
transformed system.

IV. CONCLUSION

In this note, we have described the dynamics of the contact problem
for constrained Euler–Lagrange systems by a set of nonsmooth differ-
ential equations. A new stable discontinuous control algorithm is de-
signed to regulate the system onto the constraint surface in finite time.
Our approach is unique in the sense that the control algorithm does not
explicitly depend on the impact model and also the controller includes
a potential term which assures return of the system onto the surface in
the event of loss of contact due to unknown disturbances. Further, the
nonsmooth model for the constrained dynamics and subsequent non-
smooth analysis depicts the natural behavior of the contact problem
for Euler–Lagrange systems.

1SGN(e ) = f�1g if e < 0, SGN(e ) = f1g if e > 0, and
SGN(e ) = [�1; 1] if e = 0.
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An Design Approach for Neural Net-Based Control
Schemes

Chun-Liang Lin and Tsai-Yuan Lin

Abstract—This note presents an design approach for a neural net-
based control scheme. In this scheme, a class of nonlinear systems is approx-
imated by two multilayer perceptrons. The neural networks are piecewisely
interpolated to generate a linear differential inclusion model. Based on this
model, a state feedback control law is designed. The control is specified
to eliminate the effect of approximation errors and external disturbances
to achieve desired performance. It is shown that finding the permissible
control gain matrices can be transformed to a standard linear matrix in-
equality (LMI) problem and solved using the convex optimization method.

Index Terms— control, linear matrix inequality (LMI), neural net-
work, robustness, stability.

I. INTRODUCTION

Multilayer neural networks possess a number of interesting proper-
ties, such as the universal approximation capability and the possibility
for on- and offline learning, which motivates their use for control appli-
cations [5]. In spite of reported successful neural control application,
and that even for neural information storage application, energy func-
tion studies are mainly used for proof of convergence to desired values,
there are not many stability analysis in neural control [3], [4], [8], [13].
Recently, stability conditions for a multilayer neural system, which is
regarded as a linear differential inclusion (LDI) system, have been de-
rived in [6], [14]. However, they had not analyzed the stability of neural
control systems by considering modeling errors resulting from approxi-
mation of a plant with neural networks. For more about neural networks
in related to the linear and nonlinear control theory see [11].

RegardingH1 control by neural networks, to the best of our knowl-
edge, only a few results are published [11], [12]. In this note, the non-
linear state-space models are parameterized by multilayer perceptrons.
An LDI state-space representation for a class of multilayer neural net-
works is established. Based on this representation, a linear state feed-
back control is considered. Design objectives regardingH1 regula-
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tion performance are discussed and the corresponding control laws are
solved. The control design equations are characterized in the form of a
set of linear matrix inequalities (LMIs) which allow for the application
of convex optimization algorithms to be possible.

Throughout this note, denote the Euclidean normkxk =
p
xTx,

the weighted Euclidean normkxkQ = xTQx whereQ denotes the
weighting matrix;x: [0;1) 7�! <n belongs to the spaceLn2 [0;1)

with the normkx(t)kL =
1

0
xT (t)x(t)dt, if kx(t)kL <1.

II. NEURAL NET-BASED DESCRIPTION

Consider a nonlinear plant model described as follows:

_x = Ax +Bu+ f(x) + g(u) + d (1)

where
A, B known constant matrices;
x 2 <n state vector;
u 2 <m input control vector;
y 2 <z output vector;
f(�)<n 7�! Rn continuous nonlinear mapping withf(0) =

0 but not assumeda prior known;
g(�)<m 7�! Rm continuous nonlinear mapping withg(0) =

0 but not assumeda prior known;
d 2 Ln2 [0;1) uncertain external disturbances or unmod-

eled dynamics.
Parametrizations by neural nets will now be proposed for each of

the model structuresf(x) andg(u). Those make sense because any
continuous nonlinear function can be approximated arbitrarily well on
a compact interval by a multilayer neural network [5]. For more is-
sues regarding model complexity and overfitting, etc., one is referred
to [1]. Let theL-layered perceptronsNNx(x;W1;W2; . . . ;WL) and
NNu(u; V1; V2; . . . ; VL), whereWi (i = 1; . . . ; L) 2 <n �n and
Vi (i = 1; . . . ; L) 2 <n �n denote the weight matrices from the
(i� 1)th layer to theith layer, be trained to approximate the uncertain
termsf(x) andg(u), respectively. The I/O representations are formu-
lated as

NNx(x;W1;W2; . . . ;WL)

= 	L[WL . . . 	2[W2	1[W1x]] . . .]

NNu(u; V1; V2; . . . ; VL) = ~	L[VL . . . ~	2[V2 ~	1[V1u]] . . .]

(2)

where the activation function vector	[�]:<n 7! <n is defined as
	[�] [ 1(�1) � � �  n(�n) ]

T , ~	[�] is defined similarly. Assume
that all activation functions (�) are differentiable and satisfy i)
 (0) = 0, ii)  (�) 2 [�;��], � > 0, 8 t � 0, 8 � 2 <. The
important characterization of the class of multilayer perceptrons is
that all activation functions associated with the hidden layers are the
bipolar sigmoid type symmetric to the origin

Fs  (�):R 7! Rj (�) = �
1� e��=q

1 + e��=q
; q; � > 0 :

The activation functions associated with the output layer are the linear
type:

F` f (�):R 7! Rj (�) = ��; � > 0g:

Suppose in the following that all connecting weights have
been determined via a learning algorithm, such as the dynamic
backpropagation rule [5]. According to the multilayer neural
network theory, for given accuracy"1 > 0 and "2 > 0 over
the compact setsS1 2 <n and S2 2 <m there exist op-
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