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force control of robots in constrained motion; see [31] and the refer-
ences therein. Much of this research has been based on the assumption
that the system is already in contact with the external environment. In

Control of Contact Problem in Constrained many industrial applications such as robotic surface finishing, the robot
Euler-Lagrange Systems moves in free motion before making contact with the surface. If the

robot hits the surface with a nonzero impact velocity then transition

Prabhakar R. Pagilla from free motion to constrained motion involves impulsive forces on

the system and the velocity variable is discontinuous. Uncertainty in
constraint surface location could cause impact of the system with the
Abstract—Stabilization of an Euler-Lagrange system onto a constraint surface. The system may experience repeated bounces on the surface

surface when the system makes contact with a nonzero impact velocity is gepending on the magnitude of the impact velocity. Stable regulation
an important problem in systems interacting with external environments. f th t to th traint . . ired bef Vi
Potential applications include robotic surface following and surface fin- 0 .e System onto the constraint surface Is required berore applying
ishing operations in manufacturing industry. In this paper, the constrained motion and force control for the system to travel on the surface.
dynamic equations are modeled as a set of nonsmooth differential equa-  In literature, a number of controllers have been designed to deal with
tions depending on whether the system lies on the constraint surface or ¢ontact transitions. In [4], the environment is treated as a mechanical
the system repeatedly makes and loses contact with the constraint surface.im dan nd impedan ntrol i d durin ntact transition
The focus is on the initial condition problem, i.e., the system hits the con- p_e a C_e a pedance (_:0 o. S usea du _g contact trans 0_ :
straint with a nonzero impact velocity. A new discontinuous control scheme A dimensionless representation of impact behavior was developed in

is proposed that ensures stable regulation of the system onto the constraint [5] and an integral force feedback is used to improve transient impact

surface. response. Stability and control of task transition for robots has been
Index Terms—Discontinuous control, Euler—Lagrange systems, impact, considered in [6] for a compliant environment, wherein the transitions
nonsmooth Lyapunov analysis, unilateral constraint. are assumed to take place smoothly. Impact minimization by using re-

dundant degrees of freedom in the robots has been considered in [7].
Force regulation and contact transition control is considered in [8]. A
discontinuous control approach to general task execution of manipu-
In this note, we consider systems described by Euler-Lagranigéors interacting with a compliant environment has been considered
equations with a single unilateral constraint. Let the kinetic arid [9]. In all these control algorithms, the transition is assumed to be
potential energy of the Euler—Lagrange system be givekiay ) = smooth and/or an explicit impact model is used. In this paper, we de-

(1/2)&™ M (x)i& andP(z), respectively, where € R" is the general- scribe the motion of the constrained Euler-Lagrange system as a set of
ized position,;z € R" is the generalized velocity, and () € ®"*™ nonsmooth differential equations. A new discontinuous control algo-

is the symmetric positive—definite inertia matrix. Let € R™ be rithm that ensures stable regulation of the system onto the constrained
the input forces, andf,.(z,z) € R" denote the nonconservativesurface in finite time is proposed. Since the closed-loop equations are
forces resulting from the discontinuous elements like friction, deawnsmooth, results from nonsmooth Lyapunov theory [10]-[13] are

used to show stability.

The proposed control algorithm can be designed for any surface as
Manuscript received January 21, 2000; revised August 21, 2000 and Februgng impact model is not used in the design of the control algorithm.
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kinematic coefficient (Newton’s coefficient), defined as a ratio of vey > 0. The constraint force vector in the transformed coordinates is
locities, ii) kinetic coefficient (Poisson coefficient), defined as a ratiofs,,0) := T () f. Notice that the last — 1 elements of the vector
of impulses, and iii) energetic coefficient, defined as a ratio of enef’ (r) f, are all zero due to the fact that the direction of the velocity
gies. [14] favors the energetic coefficient whereas [17] uses the kingis normal to the constraint surface. Denote
matic coefficient, and [18] favors the kinetic coefficient. See [16] for -
an overview of the impact models. c(q’ q" r, r) = 9L + ('L(q7 r)q — f”q(qH r, q" 7'“) + i)T ((17 'r)f“

The rest of this note is organized as follows: In Section I, nonsmooth 9q

differential equations describing the constrained dynamics are devel- ¢4 4 r,7) := oL + A(q.r)i = fur(@ors @o7) + b(q. 7).

oped. Control algorithm and stability of the closed-loop system is given or
in Section llI. Section IV concludes this note with a summary and figatice thate(q. ¢, r 7) € R andC(q.¢.r.7) € R"~'. Using La-

ture work. grange’s equation of motion and with the knowledge of the sub-divi-
sion of the state space, the following equations describe the dynamics
[I. CONSTRAINED DYNAMICS OF EULER-LAGRANGE SYSTEMS of the constrained system:

7 Uy

Itis known in the mechanics literature [1], [3], [19] and the robotics alg.r) b (q,m) ] i e(qy dy 7, 7) u i
literature [24], that the generalized positiancan be transformed such ([b(q‘/r) 4((1’7,)} { } |:C(q, q’ ’ ,_‘)} = { q}—k{ 8"} (8)

that the constraint can be represented as a link constraint in one coordi-
nate variable in the transformed coordinates. This is usually done as fel¢q, ») € S.,, then the jump condition for (8) is given by

lows. The generalized position, can be partitioned as’ = (1, 23 ), -

wherez; € R' anda» € R"'. By the implicit function theorem i+ = D(q,4-) 9)

[20], there exists a functiom(-) such thatry = o(x2). Knowing

thatz; can be expressed in terms.of, a change of coordinates canWhereg+ andg— represent the post and pre-impact velocities, respec-
be made by constructing a transformation; ): (1, 22) — (¢.r). tively, andD(.) represents an operator which maps pre-impact ve-
This transformation is given by = a1 — o(x2), r = a2, where l0City into post-impact velocity. This operator can take several forms
g € R andr € R" . Notice that the inverse of this transformation iglepending on the choice of the impact model for the constraint surface.
21 = q+0(r) andzs = r. The Jacobian of the inverse transformatiofSenerally, impacts are treated as very large forces acting over a short
is ann x n matrix denoted by’(r), and relates the velocitiés , ) duration of time. If we assume that impact occurs over an infinitesi-

and(q.7), that is mally small period of time, then (i) all velocities remain finite and (ii)
] Der(r) ) there is no change in position of the system. Integrating (8) for the du-
{Il } _ {1 T} {4} ) ration of impact, the dynamics during impact becomes
ii)z 0 Infl I
- T - . 4
wherel,, _; denotes an identity matrix of size — 1. In the trans- algyr) b {g.r) P - Jau (10)
b(q.7) Alg,r) | |74 — 7 0

formed coordinates, when= 0 the system is on the constraint surface.
Without loss of generality, we assume thé&t 0 lies in the work space wherer, ands_ represent post and preimpact velocities, respectively,
of the system. If this is not so, then one can define: o(x2) — 21 andf,; is the force impulse due to impact. Both the post impact ve-
such thay > 0. Also, in the transformed coordinates the input forcesgcity and the force impulse can be computed knowing the impact map.
constrained forces, and the friction forces @re(r)u, T* (r)fs, and  The impact map can be chosen based on an impact model. For the

TT('r)fH, respectively. The kinetic energy in the transformed coordiewton’s impact modelD(-) = —ej_, wheree is the coefficient of
nates is restitution. In this paper, we assume existence of an impact model that
vy 1. . lalg,r) 7 (qg,7)] [d satisfies the conditiohj+| = |D(q, ¢—)| < =|¢—|, where0) < ¢ < 1.

KAg.¢,m,7) =3 [¢ 7] b(q.r)  Alq.r) } [,:} - @) Thelasti—1 equations of (10) can be used to compute the postimpact
~ velocity 74 from the preimpact velocity—, ¢— and the impact model.
TT(r)M(g,r)T(r) Assuming Newton’s impact model the postimpact velocity is given by
Notice that in the above expression, the inertia matrix in the trans- ) ] o
formed coordinates is partitioned appropriately to suit the size of the iy =7+ (1+e)i-A" (¢.7)b(q,7). (11)

transformed coordinatés, ). LetP* (q, r) represent the potential en-

; : , the force impulsef,r, can be computed using the first equation
ergy in the transformed coordinates, then the transformed Lal ranglAc# 0 1 .
eray g of (10) and (11). The transformed dynamics of the system away from

1S 1 the surface can be rewritten as
* s\ -2 T - T . . . )
Lq,r,q,7) = 5 (a(q-,r)q +2¢b" (q,7)F + 7 A(q,r)r) i ng(a.d.r.7) ] _ [ w2
P (q,?’). (4) i —T\Tr((bq, Ty ’:) U

The constraint in the transformed coordinates is transparent, iwhere
wheng = 0 andg # 0, then there is an impact. The following sets L Y b0 T ela i
distinguish whether the system lies on the surface or away from the {nq(q’q’ ) } - {”’(q“') (‘17’)} { (g, 4,7, 7) }

surface: Ni(q, ¢,r7) b((J-”') A-(‘.[)"') Clq.q,r, ’.')
Set i={g,4 € R, € R g =0, # 0} () and
Sea i ={¢, 4 €R';r i €R" g =0,4=0} (6) {} = [“(q’r) bT(qJ)}l {}
Su:={q.q € R reR" g > 0}. @) Ur blg,r) Alg,7) wy |

The system in the transformed coordinates is given by the Lagrangilime dynamics of the system away from the surface, (12), together with
L*(q.r, 4, 7), input forces(u,,u,) := T7 (r)u, nonconservative the generic impact model of (9) describe the dynamics of the non-
forces(fuq, fur) == TT(r)fM, and the constraint on the system issmooth system in the transformed coordinates. Controller design and
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closed-loop stability for stabilization of the system onto the surfacevwghere(2y- is the set of zero measure, where the gradierit o not

given in the following section. defined.
Now e, (t) ande,. (t) are solutions of the closed-loop error equa-
11l. CONTROLLER DESIGN AND STABILITY tions (17) and (18), respectively, in the sense of Filippov, if
The control objective is as follows. Given a nonzero initial condi- . J— 0P, (q)
Lo . . 2oq € = ke K[VVy](enq) — aqqeng — 0g—5—= 22
tion, i.e.,¢(0) = 0 and4(0) # 0, we want to design a stable con- Cua K IVVal(evs) = aateog — o 9y (22)

trol algorithm for constrained nonsmooth dynamic equations (8) and éor € — ke K[VV](€0r) (23)

(9), for regulation ofy(t) andq(t) to zero andr(t) to rq4, wherergy R . . ) o )

is the desired position of(#). For ease of expressing the controllerd/N€T€AT](-) is the set as defined in definition 1. Further, using the
and the closed-loop error equations the following errors are defingf/culus fork’ (see [10, Th. INK[VV](z) = 0V (=), wheredV ()

Coq = d+ Mty r = #(t) — 74, andewr = ér + Arer, Wheree,, and 1S the Clarke’s generalized gradient. Also, in what follows, we will as-
e, are the velocity reference errors in the variabjeandr, respec- SUMe emstgnce and uniqueness of FI|.I[E)pOV solution of the closec!-loop
tively, and\, and\, are positive gains. Before designing the controf"™Of equations. Before we prove stability of the closed-loop solutions,

algorithms, the following nonsmooth positive—definite Lyapunov funcY® invokg the f_oIIowing two result_s frgm literature that will be u§ed
tion candidates are defined: to prove finite time stability. The first is theorem 2.2 of [13], which

defines(d/dt)V(z) as an element of a set constructed fréi and

Valewq) =lewvq| (13) K[f](2). The second is [10, Th. 2], which is the Lyapunov theorem
n-1 generalized to nonsmooth systems.

Viewr) =llewrlli := > lewri] (14)  Theorem 1 ([13]): Let z(¢) be a Filippov solution ta = f(z) on
=1

an interval containing andV: ®" — R be a Lipschitz and a regular
wheree,.; is theith element of the vectar,.. WherevervV,(e,,) function. ThenV’(z) is absolutely continuousd/dt)V (z) exists al-
andVV,(e,,) exist (more precise details will be given), consider thenost everywhere, and

following control algorithms: d .

o ] ) EV(:) €X V(2) (24)

vg =ng(q, 7,4, 7) — Agalq,7)q — kg VVi(evy) — agqeug '

] h
—a, 0P (q) (15) where
01 V()= TR 25
v =N (g7, G ) — NgA(q,1)ér — ke VVi(enr) (16) (z) = ﬂ )E C[f](2). (25)
E€OV (#

wherek,, k., anda, are positive constant$, = (1/2)¢*, andVV
represents the gradient of the functitn Notice that the control law
(15) contains a nonlinear term and a potential force field term. THe

Theorem 2 ([10]): If 1) V: R" — R,V (0) = 0, andV(z) > 0,
# 0and 2)z: R — R" andV'(z(¢)) is absolutely continuous on

closed-loop error equations are [to, o0) with
d .., ,
bog = = Fa V'V (Cog) = Aqeug — iy az;q(q) ae.  (17) ZIV(=(t)] < —e ae. onft]=(t) # 0} (26)
p it
bor = =k, VVi(ewr) ace. (18) wheree > 0, thenz(t) converges to zero in finite time.

) ) ) ) The proofs of both the theorems can be found in the respective ref-
The right-hand-side of the closed-loop error equations is NONSMOOReces that are cited. The following theorem gives the stability of the
Before we prove stability of the solutions of the closed-loop error equgstions of the closed-loop error equations obtained with the proposed
tions, we state some results from nonsmooth Lyapunov theory that Will irolier.

be used. Specifically, the solution concept for differential equationseqrem 3: For the differential equations describing the motion of
with discontinuous right-hand sides proposed by Filippov [11]is givefe constrained Euler—Lagrange system, using the control algorithms

followed by a definition of Clarke’s generalized gradient [12] and somg, o, by (15) and (16), stable regulation of the system onto the con-
results from [13] on computation of a time derivative of a nonsmoo

; X ) raint surface is achieved in finite time, i.,,¢, ande,. converge to
Lyapunov function. Consider a system given by zero in finite time.

= f(z) (19) Proof: Construct the following composite Lyapunov function

candidate,
wherez € R™ and f(z) is a general discontinuous function. The fol-

lowing definition gives the solution of (19) in the sense of Filippov. V(g eoqs eor) = AVy(eog) + Vilewr) + a4 Py (27)
Definition 1 ([11]): An absolutely continuous vector function

z(t):[to,t1] — R" is said to be a solution of (19) in the sense 0¥vhereq/ 's a positive constant. Then

Filippov if for aimost allt € [to, t1] ‘?(‘L Cugs Cor) = ﬂ Y (—kq€qO0Vy(evq) — aqa€yeuy — @qq&q)
ze () [of (B(x(1).8) = N) =t K[f](2) (20) £a€Vq -
550 N - [ F& OVilewr)
whereco denotes the convex hul3(z(¢), 6) is a ball of radius cen- GTEWTZ
tered atz(t) and the intersection is taken over all safsof measure —aghgq” + aggeuq (28)
zero.

The following definition gives Clarke’s generalized gradient of a lo\_/vhere we have used (22) and (23) aiigV'V](z) = 9V'(2). Choose

. . . &g = argmin{||ygl|l:vgy € OV} andé, = argmin{||lvi|:vr €
cally Lipschitz function. A ; N P
Definition 2 ([12]): For a locally Lipschitz functioi: ®* — % 0~} then the convexity of the sef’, anddV; gives
define the generalized gradient by V(@ Coqs or) < —7hg€2 = kbl €0 — aghgd® + aglalléal

OV (z) =co{limVV(z)|z — 2,2 ¢ Qv} (21) —arqq(q/|cvq|52 — Cugq)- (29)
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Notice thatdV, = SGN(ewq), whereSGN(-)! denotes the set valued
sign function of -). Sincel, is convex, the sétV, (.., )N(—1,1) = 0,
for all nonzerce.,, (see [12] for details). Thug. = 1 for all nonzero
evq. Similarly, sinceV,. is convex, the selV, (e, )N (—1,1)""* = @,
for all nonzeroe,,. Thus,&? > 1 for all nonzeroe.,.. Also, since
¢ > 0,andify > 1, then the last term in (29) is always positive, i.e.,

aeq (V]ewg|€s — evg) > 0. Therefore [

‘?(‘Levqaew) < _krnggr - qufz - O"q>‘qq2 + O"qﬂquiﬂ- (30) [2]
Letk, = kg + v andr, = 7. + (ay/4). Then [3]

3 o - . o .

V(g eugseur) < =k & 6=yl —ayre’ = (16, - S0, )
Since¢] ¢, > 1 and¢; = 1 for nonzerce,, ande., respectively, we  [5]
obtain

;. [6]

Vg, €vgsor) < —ky — vhkye. (32)
Hence, we can conclude from the generalized Lyapunov theorem (Thef7]
orem 2) that.q, e.,- andq converge to zero in finite time. To show that
the Lyapunov function given by (27) is decreasing after every impact, (8]
we consider the post and preimpact Lyapunov functions given by
[l
Vie =91t + Aqal + 7+ + Aver|ly + ag Py
Vo =904 + Agal + |7 + Arerlls + ag Iy

(33)
(34) [10]
Notice that we have used the fact that during impact position remains
the same and the force impulse is in the normal direction. Also, notice
that during impact the system is on the constraint surface, which mearst]
thatqy = 0 ande,. = 0. Using (9) and (11) in the above equations and [12]
simplifying, we obtain
[13]
Vi = Vo <alis] = 91|
+ |l 4+ (T +2)q- A7 (g, 7)b(a, )|, = 1=l
<=1 =)+ (L +2)lg-| A7 (a.7)b(g. )]

[14]

[15]

Since the inertia matrix is bounded from above and below, we can uppé%sl
bound the expressidhd ™' (¢,7)b(q,7)]|, say byn,. Hence [17]
Vi = Vo < —(1 = 2)li=| + m(1+ =)= (35) 18]
Choosingy > (1 +¢)/(1 — =), we obtainVy — V_ < 0. The last 9l
term in the control law (15), and hence in (17), acts as a force field tha[t1

directs the system toward the constraint surface. The quaRiity) [20]

can be thought of as a potential energy term for the coordipai¢he

transformed system. O [21]
[22]

IV. CONCLUSION

In this note, we have described the dynamics of the contact problemps3)
for constrained Euler—Lagrange systems by a set of nonsmooth differ-
ential equations. A new stable discontinuous control algorithm is def24]
signed to regulate the system onto the constraint surface in finite time.
Our approach is unique in the sense that the control algorithm does not
explicitly depend on the impact model and also the controller includes
a potential term which assures return of the system onto the surface 25]
the event of loss of contact due to unknown disturbances. Further, the
nonsmooth model for the constrained dynamics and subsequent nop
smooth analysis depicts the natural behavior of the contact problem

for Euler—Lagrange systems.
[27]
ISGN(e,,) = {1} if e,y < 0,SGN(e,,) = {1} if e,, > 0, and
SGN(evq) = [~1.1] if €,y = 0.
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Consider a nonlinear plant model described as follows:

= Ar+ Bu+ f(z)+gu) +d )
where
) A, B known constant matrices;
An H, Design Approach for Neural Net-Based Control r e R state vector:
Schemes u € R™ input control vector;
. . . . y € R* output vector,
Chun-Liang Lin and Tsai-Yuan Lin fOR" — R" continuous nonlinear mapping with(0) =
0 but not assumed prior known;
Abstract—This note presents anH ... design approach for a neural net- gOIR" — R continuous nonllnear.mapplng _Wlmo) =
based control scheme. In this scheme, a class of nonlinear systems is approx- 0 but not assume prior known;
imated by two multilayer perceptrons. The neural networks are piecewisely ~ d € L3[0, 00) uncertain external disturbances or unmod-
interpolated to generate a linear differential inclusion model. Based on this eled dynamics.
model, a state feedback control law is designed. ThE, control is specified Parametrizations by neural nets will now be proposed for each of

to eliminate the effect of approximation errors and external disturbances "
to achieve desired performance. It is shown that finding the permissible the model structureg(«) andg(u). Those make sense because any

control gain matrices can be transformed to a standard linear matrix in- ~ continuous nonlinear function can be approximated arbitrarily well on
equality (LMI) problem and solved using the convex optimization method. a compact interval by a multilayer neural network [5]. For more is-
Index Terms—H.... control, linear matrix inequality (LMI), neural net- ~ SUES regarding model complexity andvoverfitvting,vetc., one is referred
work, robustness, stability. to [1]. Let theL-layered perceptrond' N, (., W1, Wa,.... Wz ) and
NN, (u,Vi,Va,..., Vi), whereW, (i = 1,...,L) € R" *"~1 and
Vi (i = 1....,L) € RV "1 denote the weight matrices from the
. INTRODUCTION (i — 1)th layer to the'th layer, be trained to approximate the uncertain

Multilayer neural networks possess a number of interesting prop&tmsf (=) andg(«), respectively. The I/O representations are formu-

ties, such as the universal approximation capability and the possibilk'?f\}ed as

for on- and offline learning, which motivates their use for control appli- NN, (&, Wi, Wa,..., W)

cations [5]. In spite of reported successful neural control application, _ o S .

and that even for neural information storage application, energy func- =ToWe ... \PZ[WQ‘L[V”H -] 3 B

tion studies are mainly used for proof of convergence to desired values, N Nu(u, V1, V2, ..., V) = WL [VL ... Wa[Vo W, [Vie]] .. ]

there are not many stability analysis in neural control [3], [4], [8], [13]. (2)

Recently, stability conditions for a multilayer neural system, which is o ) ) ]

regarded as a linear differential inclusion (LDI) system, have been diere the activation function vectdr[]: " ~— R" is defined as

rived in [6], [14]. However, they had not analyzed the stability of neurdf [?] = [¥1(1) === ¢n(vn)]", ¥[]is defined similarly. Assume

control systems by considering modeling errors resulting from approfat all activation functions/(v) are differentiable and satisfy i)

mation of a plant with neural networks. For more about neural networké0) = 0, 1) ©(v) € [\, =Al, A > 0,V# > 0,V v € R. The

in related to the linear and nonlinear control theory see [11]. important characterization of the class of multilayer perceptrons is
RegardingH.. control by neural networks, to the best of our knowithat all activation functions associated with the hidden layers are the

edge, only a few results are published [11], [12]. In this note, the noflPolar sigmoid type symmetric to the origin

linear state-space models are parameterized by multilayer perceptrons. R 1_ e v/

An LDI state-space representation for a class of multilayer neural net- £= = {U‘(')i R Rlv(v) = A <1+e—,y/q) S A > 0}-

works is established. Based on this representation, a linear state feed- ) ) o )

back control is considered. Design objectives regarding regula- The activation functions associated with the output layer are the linear

type:
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