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A new adaptive control algorithm for mechanical systems with time-varying param
and/or time-varying disturbances is proposed and investigated. The proposed m
does not assume any structure to the time-varying parameter or disturbance. The m
is based on the expansion of the time-varying parameter/disturbance using Taylor’
mula. This facilitates expanding a time-varying function as a finite length polynomial
a bounded residue. The coefficients of the finite-length polynomial are estimated
small time interval so that they can be assumed to be constant within that interv
gradient projection algorithm is used to estimate the parameters within each time i
val. Stability of the proposed adaptive controller is shown and discussed. A novel ex
ment is designed using a two-link planar mechanical manipulator to investigate the
posed algorithm experimentally. Results of the proposed adaptive controller are com
with an ideal nonadaptive controller that assumes complete knowledge of the param
and disturbances. A representative sample of the experimental results is show
discussed.@DOI: 10.1115/1.1789538#
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1 Introduction
Broadly, adaptive control refers to control of partially know

systems. It is common that a control engineer does not know
value of the true parameters of the system being controlled;
has led to continued strong interest in adaptive control resea
The amount of adaptive control research for systems with un
tain constant parameters is much larger than systems that
uncertain time-varying parameters. As pointed out in@1#, one of
the compelling reasons for considering adaptive methods in p
tical applications is to compensate for large variations in pl
parameter values. The focus of this work is on the design o
practical adaptive-control algorithm for time-varying mechani
systems, which are an important practical class of nonlinear
tems with time-varying parameters.

High-performance tracking control of mechanical systems
essential in a number of industrial applications; examples incl
material handling and parts assembly. In many industrial appl
tions, the mechanical system dynamics is time-varying due
time-varying payload and/or time-varying disturbances. Examp
of such applications include pouring and filling operations us
robots. There has been an increase in recent research activ
adaptive control of time-varying systems, but most of this
search has focused on assuming worst-case bounds for
varying parameters and/or their derivatives. An amalgam of ad
tive and robust control techniques has been used in the co
designs with the controller gains chosen based on worst-
bounds. The resulting controllers, although stable, give rise
large and often practically unbounded control inputs.

In @2#, a robust switching controller was designed for rob
manipulators with time-varying parameters performing pa
tracking tasks. Properties of the element-by-element produc
matrices was used to isolate the time-varying parameters from
inertia matrix. A robust adaptive controller for robot manipulato
consisting of slowly time-varying parameters was presented
@3#. A smooth robust adaptive sliding mode controller was giv
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in @4#. A robust adaptive control algorithm subject to bound
disturbances and bounded and~possibly! time-varying parameters
was given in @5#; it was shown that the controller achieve
asymptotic tracking if the disturbances vanish and the parame
are constant. In@6#, an adaptive controller for time-varying me
chanical systems was proposed based on the assumption tha
time-varying parameters are given by a group of known boun
time functions and unknown constants. A time-scaling techniq
of mapping one cycle period of the desired trajectory into a u
interval was proposed to provide robustness to the paramete
aptation algorithms. A novel experimental platform consisting o
two-link manipulator with time-varying payload that mimics fil
ing and pouring operations was built to verify the proposed ad
tive algorithm experimentally.

A number of results in adaptive control of linear time-varyin
plants can be found in@7#. Adaptive control of discrete-time linea
systems with time-varying parameters can be found in@8,9#. In
@9#, the problem of estimating the unknown time-varying para
eters is transformed to the problem of observing an unknown s
of a linear discrete-time system using Taylor’s formula. In@10#, it
is shown that applying local regression in traditional least-squa
algorithm with a forgetting factor can reduce the estimation er
in the mean-square sense for systems with slowly time-vary
parameters. Regressions techniques and their applications u
local polynomial modeling are discussed in great detail in@11#.

In this paper, the unknown time-varying parameters and dis
bances are assumed to be general unknown time-varying f
tions. The general time-varying function is expressed as a fin
length polynomial in time and a residue based on Taylor’s form
@12#. In the proposed new adaptive controller, the coefficients
the polynomial are estimated in a small time interval so that th
can be assumed to be constant, and a robustness term is us
the controller to compensate for the unknown residue. The rob
ness term is much smaller than what is generally used in
robust control literature and is proportional to the choice of
time interval chosen for estimation. To validate the propos
adaptive controller, an experiment was designed on a two-
manipulator platform. The elbow link of the two-link planar ma
nipulator was used to generate a time-varying disturbance to
base link. A constant torque applied to the elbow link, which a
as a payload to the base link, creates a time-varying inertia for
base link and generates a time-varying disturbance to the base

nal
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due to the coupling of the dynamics between the links. The p
posed adaptive-control algorithm was implemented for trackin
desired trajectory of the base link with time-varying inertia a
disturbance.

The contributions of the paper can be summarized by the
lowing: 1! Design of a stable adaptive controller for mechani
systems with time-varying parameters and disturbances usin
cal polynomial approximations, and 2! experimental evaluation o
the adaptive controller and its comparison with an ideal nonad
tive controller.

The rest of the paper is organized as follows. Section 2 gi
the dynamics of mechanical systems with time-varying para
eters and disturbances. Representation of time-varying param
via local polynomials is discussed in Section 3. Design of
adaptive controller is given in Section 4. Experimental setup,
cluding how to generate time-varying dynamics to the base l
conditions, and results are discussed in Section 5. Conclusion
given in Section 6.

2 Dynamics of Mechanical Systems With Time-
Varying Parameters and Disturbances

The dynamics of ann degree-of-freedom mechanical syste
with time-varying parameters and disturbances@6# is given by

M ~q,u* !q̈1C~q,q̇,u* !q̇1F~q,u̇* !q̇1g~q,u* !5t1d~ t !
(1)

whereqPRn is the vector of generalized coordinates,M (q,u* )
PRn3n is the inertia matrix,C(q,q̇,u* )PRn3n is the matrix
composed of Coriolis and centrifugal terms,g(q,u* )PRn is the
gravity vector,F(q,u̇* )PRn3n is a symmetric matrix, which is a
consequence of the symmetry of the inertia matrix,u* PRm is the
vector of constant and/or time-varying parameters,tPRn is the
vector of control inputs, andd(t)PRn is the vector of time-
varying disturbances. The properties of the dynamic model~1! are
given in the following:

Property I. The inertia matrix,M (q,u* ), of the time-varying
mechanical system is a symmetric positive definite matrix. A
sumingu* (t) is bounded,M (q,u* ) is bounded from above an
below for all system configurations.

Property II. The matrix Ṁ (q,u* )22C(q,q̇,u* )2F(q,u̇* )
is skew symmetric. Notice that the skew-symmetry property
the time-varying case is different from that of the time-invaria
case@2,6,13#.

Property III. The dynamic model~1! is linear in the un-
known parameters,u* , u̇* ; that is,

M ~q,u* !q̈1C~q,q̇,u* !q̇1F~q,u̇* !q̇1g~q,u* !5Y1~q,q̇,q̈!u*

1Y2~q,q̇!u̇* (2)

whereY1(q,q̇,q̈) and Y2(q,q̇) are the regressor matrices corr
sponding tou* (t) and u̇* (t), respectively.

3 Representation of Time-Varying Functions
To represent a general time-varying function, consider the

lowing result@12#:

Lemma 1. Let I be an open interval inR, and f be a p-times
continuously differentiable function of I intoR; then, for any pair
of points t0 , t in I

f ~ t !5 f ~ t0!1
~ t2t0!

1!
f ~1!~ t0!1¯1

~ t2t0!p21

~p21!!
f ~p21!~ t0!

1E
t0

t ~ t2j!p21

~p21!!
f ~p!~j !dj (3)
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where f( i )(•) denotes the ith derivative of the function f(•).
As a result of Lemma 1, the time-varying function and its tim

derivative can be represented locally att0 as polynomials of time
with constant coefficients; that is,

f ~ t !5a0~ t0!1a1~ t0!~ t2t0!1¯1ap~ t0!~ t2t0!p211d f~ t,t0!,

ª(
i 50

p21

ai~ t0!~ t2t0! i1d f~ t,t0!, tP@ t0 ,t01T! (4)

ḟ ~ t !5(
i 51

p21

iai~ t0!~ t2t0! i 211 ḋ f~ t,t0!, tP@ t0 ,t01T! (5)

where d f(t,t0)5* t0
t (t2j)p21/(p21)! f (p)(j)dj, ai(t0)

5(1/i !) f ( i )(t0), i 50, . . . ,p21, f ( i )(t0) is the ith time derivative
evaluated att5t0 , andT is the window length that can be chose
Assuming that the window is sufficiently small,d f(t,t0) is negli-
gible. Suppose that thepth derivative off (t) is bounded, that is,
supti f (p)(t)i<cp , thend f(t,t0) can be bounded by

ud f~ t,t0!u<
cp~ t2t0!p

p!
<

cpTp

p!
, tP@ t0 ,t01T! (6)

Therefore, it is possible to approximatef (t) closely by choosing
either a higher-order polynomial, that is,p large, or a small inter-
val T such thatt2t0<T, or both. If we chooset0 as a nonde-
creasing sequence of time instants with each difference betw
adjacentt0 not more thanT, that is, partition time into segment
with the length of each segment not larger thanT, then the time-
varying functionf (t) can be approximated by a number of pol
nomials of time locally at eacht0 with constant coefficientsai .
Figure 1 illustrates the idea. In Fig. 1,f i(t), i 50,1, . . . , locally
represents the functionf (t) by a polynomial in theith window. In
general, the coefficientsai between any two intervals ar
different.

The time derivative ofd f(t,t0) can be obtained by using Leib
nitz rule1 of differentiating an integral with variable limits, and i
given by

ḋ f~ t,t0!5E
t0

t ~ t2j!p22

~p22!!
f ~p!~j !dj (7)

With the knowledge of the bound onf (p)(t), one can obtain a
bound onḋ f(t,t0) as

uḋ f~ t,t0!u<
cp~ t2t0!p21

~p21!!
<

cpTp21

~p21!!
, tP@ t0 ,t01T! (8)

Consider the approximation of the functionf (t) locally at t0
and t r , t rÞt0 , by

f ~ t !5(
i 50

p21

ai~ t0!~ t2t0! i5(
i 50

p21

ai~ t r !~ t2t r !
i (9)

where ai(t r)5(1/i !) f ( i )(t r). To express eachaj (t r) in terms of
ai(t0), i 50, . . . ,p21, evaluate thejth derivative of ~9! at t
5t r ; notice that one can do this under the assumption that r
2t0<T. The jth derivative of~9! is

f ~ j !~ t !5(
i 5 j

p21

ai~ t0!
i !

~ i 2 j !!
~ t2t0! i 2 j (10)

1Leibnitz rule

d

dt FE
u~t!

c~t!

f~x,t!dxG5E
u~t!

c~t!
]f~x,t!

]t
dx2

du~t!

dt
f~u~t!,t!1

dc~t!

dt
f„c~ t !,t…
SEPTEMBER 2004, Vol. 126 Õ 521
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Fig. 1 Local approximation of a continuous function. Each f i„t … can be approximated
by a polynomial in time using Taylor’s formula.
1 p21
5(
i 5 j

ai~ t r !
i !

~ i 2 j !!
~ t2t r !

i 2 j (11)

Evaluating~10! and ~11! at t5t r , we obtain
f

n

PTEMBER 2004
aj~ t r !5(
i 5 j

ai~ t0!
i !

j ! ~ i 2 j !!
~ t r2t0! i 2 j (12)

Therefore, the relationship betweenaj (t r), j 50, . . . ,p21, and
ai(t0), i 50, . . . ,p21, is given by
3F a0~ t0!

a1~ t0!

]

ap21~ t0!

G (13)
inal
-

ime
Representing each element of the time-varying parameter ve
u* (t) locally at t0 gives

u i* ~ t !5u i0~ t0!1u i1~ t0!~ t2t0!1¯1u i ~p21!~ t0!~ t2t0!p21

1du
i*
~ t,t0!ªL~ t,t0!u i~ t0!1du

i*
~ t,t0! (14)

where u i(t0)ª@u i0(t0),u i1(t0),¯,u i (p21)(t0)#T is the unknown
constant vector andL(t,t0)ª@1,(t2t0),¯,(t2t0)p21# is a row
vector. Notice thatu i* (t) is the original time-varying paramete
that is being approximated by the time-polynomial with coe
cientsu i0 , u i1 , . . . ,u i (p21) . If t r ,i is defined as the time instant a
which theith window of the local polynomial approximation be
gins, then t0 is given by the sequencet05$t r ,i% with i
50,1, . . . , andt r ,i 112t r ,i5T. In the following,t r ,i is referred to
as the resetting time, which is the beginning of theith window of
the local polynomial approximation. Notice thatu i(t0) is constant
only within each interval@ t r ,i ,t r ,i 11) and in general differs from
one interval to another for a time-varying parameter. The poly
ctor

r
fi-
t
-

o-

mial order (p21) can be chosen for differentu i* (t) based on
some a priori knowledge; for convenience,p is chosen to be the
same for all the time-varying parameters. Therefore, the orig
parameter vectoru* (t) is represented by the polynomial coeffi
cient vectoru(t0) plus residue vectordu* (t,t0) by

u* ~ t,t0!5F L~ t,t0!

L~ t,t0!

�

L~ t,t0!

G u~ t0!1du* ~ t,t0!

ªL~ t,t0!u~ t0!1du* ~ t,t0! (15)

where L(t,t0) is an m3mp matrix, u(t0)
ª@u1

T(t0),¯,u i
T(t0),¯,um

T (t0)#TPRmp31 and du* (t,t0)
ª@du

1*
(t,t0),¯,du

i*
(t,t0),¯,du

m*
(t,t0)#T is them-vector consist-

ing of the residue from approximation of each parameter. The t
derivative ofu* (t) can be represented by
Transactions of the ASME
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u̇* ~ t,t0!5L̇~ t,t0!u~ t0!1 ḋu* ~ t,t0! (16)

Since each component of the vectorsdu* (t,t0) and ḋu* (t,t0) is
bounded, they are bounded vectors; assume that the bound
given by

idu* ~ t,t0!i<kdu*
, ;t>0 (17)

i ḋu* ~ t,t0!i<kḋu*
, ;t>0 (18)

As u(t0) is now a piecewise constant vector, the problem
estimating the time-varying parameteru* (t) in the controller de-
sign for ~1! can be transformed to that of estimating the const
parameteru(t0) in ~15! based on the observations within ea
interval @ t0 ,t01T). Consequently, various estimation algorithm
designed for estimating constant parameters may be empl
with appropriate modifications. By using~13!, u(t r ,i 11) and
u(t r ,i) are related by the following equation:

u~ t r ,i 11!5F A~ t r ,i 11 ,t r ,i !

A~ t r ,i 11 ,t r ,i !

�

A~ t r ,i 11 ,t r ,i !

G
3u~ t r ,i !

ªB~ t r ,i 11 ,t r ,i !u~ t r ,i ! (19)

Notice thatu(t r ,i) is constant in theith interval, that is,u(t)
5u(t r ,i) for all tP@ t r ,i ,t r ,i 11

2 #. Equation~19! will form the basis
for resetting the initial value of the estimate at the beginning
each interval. In@9#, the same resetting strategy as given by~19!
was developed and used in designing an adaptive controlle
discrete-time time-varying systems.

In Section 4, the proposed adaptive control algorithm is giv
and its stability properties are investigated. A modified gradi
projection algorithm is used to estimate the time-varying para
eter vector by introducing a resetting scheme at the beginnin
each interval; the resetting scheme ensures that the estimate
time-varying parameter vector,û* (t), is continuous, which is
consistent with the continuity of the true parameter.

4 Adaptive Control Design
Consider the trajectory tracking problem for the mechani

system~1! with time-varying parameters and disturbances. L
qd(t) be the desired trajectory. It is assumed thatqd(t) is twice
continuously differentiable. Lete5q(t)2qd(t) be the joint track-
ing error, andev5ė1Ge be the reference velocity error. The fo
lowing notations will be used: (* )̂ is the estimate of~* !, and

(* )̃5(* )̂2(* ) is the estimation error of~* !. Consider the control
law, t, given by

t52Kvev1M ~q,û* !q̈r1C~q,q̇,û* !q̇r1F~q,f̂* !
q̇1q̇r

2

1g~q,û* !1dt (20)

whereq̇r5q̇d2Ge, Kv andG are positive definite gain matrices
dt is the additional robust control term, which will be design
later, and

û* ~ t,t0!5L~ t,t0!û~ t0! (21)

f̂* ~ t,t0!5L̇~ t,t0!û~ t0! (22)

whereû(t0) will be generated by the adaptation law. Subtracti
~15! and ~16! from ~21! and ~22!, respectively, results in

ũ* ~ t,t0!5L~ t,t0!ũ~ t0!2du* ~ t,t0! (23)

f̃* ~ t,t0!5L̇~ t,t0!ũ~ t0!2 ḋu* ~ t,t0! (24)
Journal of Dynamic Systems, Measurement, and Control
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wheref̃* (t,t0)ªf̂* (t,t0)2 u̇* (t,t0). Substitution of the control
input ~20! into the dynamic equation~1! and simplifying using the
linear parametrization property, Property IV, we obtain the er
dynamics in terms ofev as

M ~q,u* !ėv1C~q,q̇,u* !ev1
1

2
F~q,u̇* !ev1Kvev

5M ~q,ũ* !q̈r1C~q,q̇,ũ* !q̇r1F~q,f̃* !
q̇1q̇r

2

1g~q,ũ* !1dt1d~ t !

5Y1~q,q̇,q̇r ,q̈r !ũ* 1Y2~q,q̇,q̇r !f̃* 1dt1d~ t ! (25)

where

Y1~q,q̇,q̇r ,q̈r !ũ* 5M ~q,ũ* !q̈r1C~q,q̇,ũ* !q̇r1g~q,ũ* !
(26)

Y2~q,q̇,q̇r !f̃* 5F~q,f̃* !
q̇1q̇r

2
(27)

Substitutingũ* (t,t0) and f̃* (t,t0) given by ~23! and ~24!, re-
spectively, into~25! yields

M ~q,u* !ėv1C~q,q̇,u* !ev1
1
2F~q,u̇* !ev1Kvev

5Y1~q,q̇,q̇r ,q̈r !~L~ t,t0!ũ~ t0!2du* ~ t,t0!!1dt1d~ t !

1Y2~q,q̇,q̇r !~L̇~ t,t0!ũ~ t0!2 ḋu* ~ t,t0!!

5Y~q,q̇,q̇r ,q̈r !ũ~ t0!1dt2Y1~q,q̇,q̇r ,q̈r !du* ~ t,t0!

2Y2~q,q̇,q̇r !ḋu* ~ t,t0!1d~ t ! (28)

where Y(q,q̇,q̇r ,q̈r)5Y1(q,q̇,q̇r ,q̈r)L(t,t0)
1Y2(q,q̇,q̇r)L̇(t,t0)

In the following, for brevity, all the arguments of vectors an
matrices are omitted whenever there is no confusion. Conside
following Lyapunov function candidate during each interval, th
is, tP@ t r ,i ,t r ,i 11),

V5
1
2ev

TM ~q,u* !ev1
1
2ũTG1

21ũ (29)

whereG15G1
T.0. The time derivative ofV along the trajectories

of ~28! is

V̇5ev
TM ~q,u* !ėv1

1
2ev

TṀ ~q,u* !ev1 ũTG1
21u8

52ev
TKvev1ev

TYũ1ev
T~dt2Y1du* 2Y2ḋu* 1d!

1 ũTG1
21u8 (30)

where the Property III is applied.
To estimate the unknown parameter vectorû, we use the gra-

dient projection algorithm given in Ref.@14#, which we briefly
illustrate in the following. Consider a convex parameter setP
given by

û5@ û1 ,¯,û i ,¯,ûmp#
TPP⇔uû i2r i u,s i , ; i P$1,mp%

(31)

with r i ands i some given real numbers. Consider the functio

P~ û !5
2

« F(
i 51

mp U û i2r i

s i
Uq

211«G (32)

where 0,«,1 andq>2. Now, consider the ‘‘smooth projection’
Proj, which will be used to estimateû while maintaining it inP:
SEPTEMBER 2004, Vol. 126 Õ 523



Pro j~ û,y!5

y, if P~ û !,0.

y, if P~ û !50 and ¹P
Ty<0

ˆ T
(33)
5 y2

P~u!¹P¹P
i¹Pi2

y, otherwise.
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where¹P5@]P( û)/]û#T is a column vector. Based on the smoo
projection defined above,û is estimated by

u̇̂5G1Pro j~ û,2YTev! (34)

With the projection algorithm given by~34!, we have

ev
TYũ1 ũTG1

21u85 ũT~YTev1Pro j~ û,2YTev!!<0 (35)

Substituting~35! into ~30! results in

V̇<2ev
TKvev1ev

T~dt2Y1du* 2Y2ḋu* 1d! (36)

Notice that the Lyapunov function candidate~29! and the adap-
tation law ~34! are designed for each time interval; that is,t
P@ t r ,i ,t r ,i 11). At the beginning of each interval, say (i 11)th
interval, t0 is changed fromt05t r ,iª iT to t05t r ,i 11ª( i 11)T.
The matrixL(t,t0) will change at this time instant. As a resu
from ~21! and ~22!, û* (t,t0) and f̂* (t,t0) will also change if
û(t,t0) is not modified. Hence,û(t,t0) must be reset at the begin
ning of each time interval to ensure thatû* (t,t0) andf̂* (t,t0) are
continuous. At the beginning of (i 11)th time interval, the initial
value of the estimate is reset according to the following:

û~ t r ,i 11 ,t r ,i 11!5B~ t r ,i 11 ,t r ,i !û~ t r ,i 11
2 ,t r ,i ! (37)

The resetting scheme~37! guarantees the continuity ofû* (t,t0)
andf̂* (t,t0) at the resetting pointst5t r ,i 11 . This is shown in the
following. Just before resetting for the (i 11)th interval, using
~21! for the estimate, we obtain

û* ~ t r ,i 11
2 ,t r ,i !5L~ t r ,i 11

2 ,t r ,i !û~ t r ,i 11
2 ,t r ,i ! (38)

At the resetting point, again using~21! for the estimate witht0
5t r ,i 11 ,

û* ~ t r ,i 11 ,t r ,i 11!5L~ t r ,i 11 ,t r ,i 11!û~ t r ,i 11 ,t r ,i 11! (39)

Therefore,

û* ~ t r ,i 11 ,t r ,i 11!5L~ t r ,i 11 ,t r ,i 11!B~ t r ,i 11 ,t r ,i !û~ t r ,i 11
2 ,t r ,i !

5L~ t r ,i 11 ,t r ,i !û~ t r ,i 11
2 ,t r ,i !. (40)

From ~38! and ~40!, sinceL(t,t0) is a continuous function oft,
notice thatû* (t r ,i 11

2 ,t r ,i)5 û* (t r ,i 11 ,t r ,i 11). Following along the
same lines, we can also show thatf̂* (t r ,i 11

2 ,t r ,i)
5f̂* (t r ,i 11 ,t r ,i 11).

The additional robust control term,dt , in ~36! is chosen as
follows:

dt5H 2~kdu*
iY1i1kḋu*

iY2i1kd!
ev

ievi
, if ievi>«0

2
1

«0
~kdu*

iY1i1kḋu*
iY2i1kd!ev , if ievi,«0

(41)

where«0.0 andkd5supt>0d(t). It can be shown that the system
~28! is uniformly ultimately bounded@15#, and ev converges in
finite time to the setP1 defined by

P1ª$ev :ievi<«0% (42)
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Sinceev(t) is bounded andev5ė1Ge, the tracking error,e(t),
and its time derivative,ė(t), are also uniformly ultimately
bounded. Therefore,q(t), q̇(t), q̇r(t), and q̈r(t) are bounded,
sincee(t), ė(t), qd(t), q̇d(t), and q̈d(t) are bounded. The esti
mated parametersû* (t) andf̂* (t) are also bounded becauseû(t)
and L(t,t0) are bounded. From~20!, the control inputt(t) is
bounded as it is composed of all bounded signals. The follow
theorem summarizes the results of the analysis.

Theorem 4.1. For the time-varying mechanical system give
by ~1!, the proposed adaptive control law given by~20!, the pa-
rameter estimation algorithms given by~34!, the resetting scheme
given by~37!, and with the knowledge of the bounds given in~17!
and ~18!, the control inputt(t), the estimated time-varying pa
rametersû* (t) and u8 * (t), and the tracking error e(t) are uni-
formly ultimately bounded.

Remark 1. In the ‘‘ideal’’ case, that is, the unknown param
eter vector, u* (t), is constant and the disturbance d(t)50, we
havedu* 50, ḋu* 50. The time derivative of the Lyapunov fun
tion candidate given by~36! becomes

V̇<2ev
TKvev1ev

Tdt52ev
TKvev<0 (43)

Therefore, asymptotic convergence of e(t) to zero is achieved.
Thus, the proposed adaptive algorithm can be applied to con
of mechanical systems irrespective of whether they involve ti
varying parameters or not.

Remark 2. The disturbance vector d(t) can also be approxi-
mated locally by polynomials of time. The control inputt(t) is in
the same form as~20! except that kd in ~41! is replaced by the
upper bound of the approximation errordd(t,t0) given by the
following equation:

d~ t !5L8~ t,t0!ud~ t0!1dd~ t,t0!

whereud(t0) is the coefficient vector andL8(t,t0) is the matrix
that depends on the time interval for approximation. The vec
ud(t0) can be estimated in each interval.

5 Experiments
To experimentally investigate the proposed control algorithm

time-varying experiment is designed for a two-link robot, whi
consists of a two-axis direct-drive manipulator as shown in Fig
The direct-drive manipulator operates in the absence of the u
sirable factors of mechanical backlash and gear train complia
Each axis of the manipulator is driven by an NSK Megatorq
direct drive servomotor. The NSK-Megatorque motor system c
sists of a high-torque direct-drive brushless actuator, a hi
resolution brushless resolver, and a heavy-duty precision bea
The servomotors are capable of up to three revolutions per se
maximum velocity and position feedback resolution of up
156,400 counts per revolution. The base motor delivers up to
N-m of rated torque output, and the elbow motor produces up
40 N-m rated torque output. The real-time system associated
the direct drive manipulator consists of a host computer, a se
DSP card, and a DSP associated with the sensors. For a com
description of the experimental platform we refer the reader
Ref. @6#.
Transactions of the ASME
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The elbow link of the planar manipulator is used to generat
time-varying disturbance to the base link. This is done as follo
A constant torque is applied to the elbow link. This has an eff
of generating a time-varying payload to the base link; that is, d
to the rotation of the elbow link, the mass moment of inertia of t
base link is varying with time. Further, since the dynamics of bo
the links is coupled, the motion of the elbow link also cause
time-varying disturbance to the base link. Then, the goal is
control the base link, which has a time-varying inertia and is ac
on by time-varying disturbances by using the proposed adap
controller. The procedure of obtaining the time-varying dynam
for the base link is explained in the following section.

5.1 Generation of Time-Varying Dynamics for the Base
Link. The dynamics of the two-link manipulator is given by

M ~q!q̈1C~q,q̇!q̇5t2 f f (44)

where

M ~q!5Fp112p3c2 p21p3c2

p21p3c2 p2
G ,

C~q,q̇!5F2p3q̇2s2 2p3~ q̇11q̇2!s2

p3q̇1s2 0 G
q1 and q2 are angular positions of the base and the elbow lin
respectively, t5@t1 ,t2#T is the vector of motor torques,f f

5@ f 1 , f 2#T is the vector of friction torques,c25cos(q2) and s2
5sin(q2), andp1 , p2 andp3 are coupled inertial parameters. Th
true values of the coupled inertial parameters without any payl
on the elbow link arep153.4, p250.2 andp350.15.

Reducing the two second-order equations given by~44! into a
single equation results in

~p1p22p2
22p3

2c2
2!q̈12p3~2p2q̇1q̇21p2q̇1

21p2q̇2
21p3c2q̇1

2!s2

5p2~t12 f 1!2~p21p3c2!~t22 f 2! (45)

Equation~45! can be rewritten as

I ~ t !q̈11 İ ~ t !q̇11 f 15t11d~ t ! (46)

where

I ~ t !5p12p22
p3

2

p2
c2

2 (47)

Fig. 2 Picture of the two-link robot
Journal of Dynamic Systems, Measurement, and Control
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d~ t !5p3S ~ q̇11q̇2!21
p3

p2
c2q̇1

21
2p3

p2
c2q̇1q̇2D s2

2S 11
p3

p2
c2D ~t22 f 2! (48)

f 15 f vq̇11 f c sgn~ q̇1! (49)

wheref c and f v are the Coulomb and viscous friction coefficient
respectively. Equation~46! represents the dynamics of a sing
degree-of-freedom system with time-varying inertia,I (t), and
time-varying disturbance,d(t). By choosingt2 , one can intro-
duce a desiredI (t) and d(t). In practice, due to the coupling
between the base link and the elbow link, the motion of the b
link affects the motion of the elbow link, and consequently affe
I (t) and d(t). However, a high constant torque applied to t
elbow link will generate a high-velocity, almost constant, rotati
of the elbow link; then, the effect of the motion of the base link
I (t) andd(t) is relatively small, and thus can be neglected.

5.2 Experimental Conditions. The desired trajectory for
the angular position of the base link is chosen to be sinuso
with an amplitude of 0.5 radians and a frequency of 0.5 Hz; t
is, qd1(t)50.5 sin(pt). The elbow link is used to generate a tim
varying disturbance and time-varying moment of inertia to t
base link. Data from two sets of experiments is shown in t
paper. A constant torque of 4 N-m for the elbow link is used
input in the first case, and a constant torque of 3 N-m is use
the second case. With the applied torques of 4 N-m and 3 N
the elbow link will rotate with an angular velocity of around 2
rad/s and 6 rad/s, respectively, after reaching the steady sta
control sampling period of 2 milliseconds is chosen in all t
experiments.

To track the desired trajectory, the torque input to the base l
t1 , is designed using the proposed adaptive controller~20!. The
parametersI (t), d(t), f c , and f v are estimated byÎ 01(t
2t0) Î 1 , d̂01(t2t0)d̂1 , f̂ c , and f̂ v , respectively. Hence, the pa
rameter vector, which is estimated in the experiment, isuT

5@ I 0 ,I 1 ,d0 ,d1 , f v , f c#. The window width for local polynomial
approximation is chosen to be 0.1 s; that is,T50.1 s. The gain
values used in the experiments areG550, Kv5100, G1
5diag(20,20,100,1000,5,10). The constants in the robust con
term dt are chosen to bekdu*

50.05, kḋu*
516, kd520, ande0

50.1. The initial values for the estimate vectorû is chosen to be
û(0)5@3.4,0,0,0,0,0#T. The following bounds for the estimate
parameters are chosen in the projection algorithm:Î 0P@1,10#,
Î 1P@210,10#, d̂0P@2100,100#, d̂1P@22000,2000#.

5.3 Experimental Results. The data shown in all the fig-
ures corresponds tou2(t)54 N-m during the first 16 s and
u2(t)53 N-m for the remaining 14 s; see bottom plot of Fig.
Also, notice that the cycle time of the desired angular posit
trajectory of the base link is 2 s; therefore, the data correspon
implementation results for 15 cycles.

The time-varying inertia and the disturbance of the base l
which are computed by using~47! and ~48! are shown in Fig. 3.
Notice that the time-varying disturbance is periodic with an a
plitude of about 50 N-m~with u254 N-m). The moment of inertia
is periodic with an average value of 3.15 Kg-m2 and a peak-to-
peak variation of 0.11 Kg-m2.

The tracking error of the base link is shown in the top plot
Fig. 4. It can be observed that the peak tracking error of the b
link is less than 0.04 radians even in the presence of time-vary
inertia and very large time-varying disturbance; from 16 s onwa
when the variation of the inertia and the disturbance are redu
the tracking error is also reduced. Notice that the motor torq
input of the base link, shown as top plot in Fig. 5, has simi
amplitude and frequency as that of the time-varying disturban
The estimatedd(t) and I (t) are shown in Figs. 6 and 7, respe
tively. Figure 8 shows the estimates of the friction coefficientsf v
SEPTEMBER 2004, Vol. 126 Õ 525
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Fig. 3 The time-varying inertia, I„t … „top plot …, and the time-varying disturbance, d „t …
„bottom plot … are shown. I„t … and d „t … are computed by using the experimental data of
q 2„t …, q̇ 2„t …, q̇ 1„t … in „47… and „48…. The data from zero to 16 s corresponds to t2
Ä4 N-m and the data from 16 to 30 s corresponds to t2Ä3 N-m.
o

eri-
re

of
and f c . It can be observed that all the estimated parameters
within the range defined in the projection algorithm.

5.4 Comparison With an Ideal Nonadaptive Controller.
To compare the performance of the proposed adaptive contr
with a controller that uses true parameter values, an ideal n
EPTEMBER 2004
are

ller
on-

adaptive controller is designed and implemented on the exp
mental platform. Experimental results of the two controllers a
compared and discussed.

Equation~46! can be rewritten in terms of the tracking error
the base link,e1ªq12qd1 , as follows:
Fig. 4 Tracking error of the base link †e1„t …, top plot ‡ and the angular velocities of the
base link and elbow link †q̇ 1„t … and q̇ 2„t …, bottom plot ‡ are shown
Transactions of the ASME
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Fig. 5 Motor control torques of base link †t1„t …, top plot ‡ and elbow link †t2„t …,
bottom plot ‡ are shown
ë112jvnė11vn
2e1

5
1

I
~t12 İ q̇11d2 f 12Iq̈1d12I jvnė11Ivn

2e1!

5
1

I
~t12 İ q̇11d̄2Iq̈1d12I jvnė11Ivn

2e1!
Systems, Measurement, and Control
1
1

I FS11
p3

p2
c2Df22f1G (50)

wherej, vn are two positive constants, andd̄ is given by

d̄5p3F ~ q̇11q̇2!21
p3

p2
c2q̇1

21
2p3

p2
c2q̇1q̇2Gs22S 11

p3

p2
c2D t2
Fig. 6 Estimated disturbance parameters d̂ 0„t … and d̂ 1„t … are shown in the top plot. The
estimate of the disturbance d̂ „t …Äd̂ 0„t …¿„tÀt 0…d̂ 1„t … is shown in the bottom plot.
SEPTEMBER 2004, Vol. 126 Õ 527
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Fig. 7 Estimated inertia parameters Î0„t … and Î1„t … are shown in the top plot. The esti-
mate of the inertia Î„t …Ä Î 0„t …¿„tÀt 0… Î 1„t … is shown in the bottom plot.
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Now assuming that the true values of all the constant and ti
varying parameters are known, an ideal nonadaptive controlle
given by

t15 İ q̇12d̄1Iq̈1d22I jvnė12Ivn
2e11dt1

(51)

wheredt1
is a robustness term to account for the unknown ter

involving friction. Notice that the termd̄ in the control law can be
computed based on the measurements and constant param
p1 , p2 and p3 . Substitution of the control law~51!, into ~50!
results in

ë112jvnė11vn
2e15

1

I Fdt1
1S 11

p3

p2
c2D f 22 f 1G (52)

In the following, the robustness termdt1
will be designed based

on bounds onf 1 and f 2 . Consider the viscous plus Coulom
friction models forf 1 and f 2 . Then f 1 and f 2 can be bounded a
given below:

u f 1u<Fv1
uq̇1u1Fc1

u f 2u<Fv2
uq̇2u1Fc2

where Fv1
, Fc1

, Fv2
, and Fc1

are bounds on the viscous an
Coulomb friction coefficients. Therefore, the uncertain term in
right-hand side of~52! can be bounded as given below:

US 11
p3

p2
c2D f 22 f 1U<m,S 11

p3

p2
D ~Fv2

uq̇2u1Fc2
!1Fv1

uq̇1u

1Fc1

Now, the robustness term in the controller can be chosen
EPTEMBER 2004
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b

d
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dt1
52

ė1

uė1u1«
m (53)

where«.0 is a small constant.
The experimental results for the non-adaptive controller

shown in Fig. 9. The parameters used in the experiment arej51,
vn535, Fv1

5Fv2
50.1, «50.05, Fc1

58, andFc2
52. In Fig. 9,

the top plot shows the tracking error of the base link, the mid
plot shows the control input to the base link, and the bottom p
is the input torque to the elbow link.

Comparing with the experimental results of the proposed ad
tive controller, we can observe that the tracking error using
ideal nonadaptive controller is smaller as expected because i
sumes full knowledge of both the time-varying parameters a
disturbances. But the performance improvement is not signific
Further, we can observe that the control inputs are comparab

6 Conclusion
A new adaptive controller for mechanical systems with tim

varying parameters and disturbances was proposed. Each
varying parameter/disturbance was expanded as a finite le
polynomial of time and a residue using Taylor’s formula. T
coefficients of the finite length polynomial are assumed to be c
stant in a small interval of time. Based on the local approximat
of the time-varying parameters and/or disturbances, an adap
controller was developed for trajectory tracking. The unkno
coefficients within each time interval were estimated using a g
dient projection algorithm. The tracking error was shown to
ultimately bounded within a certain neighborhood of zero; the s
of the neighborhood depends on the choice of the control ga
Transactions of the ASME
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Fig. 8 Estimated friction parameters f̂ v„t … and f̂ c„t … are shown
e
t

,
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pa-
Using a two-link planar manipulator system, a novel experim
platform was designed to create a time-varying inertia sys
with time-varying disturbances. This platform was used to va
date the proposed adaptive controller experimentally. Further
c Systems, Measurement, and Control
nt
em
li-
an

ideal nonadaptive controller that assumes full knowledge of
time-varying parameters and disturbances was also implemen
The performance of the proposed adaptive controller was com
rable to an ideal nonadaptive controller.
Fig. 9 Experimental results from the ideal nonadaptive robust controller given by „51…
and „53…. Tracking error of the base link †e1„t …, top plot ‡, motor control torques of the
base link †t1„t …, middle plot ‡ and the elbow link †t2„t …, bottom plot ‡ are shown.
SEPTEMBER 2004, Vol. 126 Õ 529
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