A Decentralized Output Feedback output feedback controller is a challenging problem for nonlinear
systems; it is well known that the separation principle may not be

Controller for a Class of Large—ScaIe applicable to nonlinear systeniig3]. In [14], the decentralized
: controller and observer design problems were formulated in the
Interconnected Nonlinear SyStemS LMI framework for large-scale systems with nonlinear intercon-
nections that are quadratically bounded. Autonomous linear de-
1ol centralized observer-based output feedback controllers for all sub-
Prabhakar R. Pagilla systems were obtained. The existence of a stabilizing controller
and observer depended on the feasibility of solving an optimiza-
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e-mail: pagilla@ceat.okstate.edu tion problem in the LMI framework; further, for a solution to

. exist, this formulation also required, for each subsystem, that the
Yongliang Zhu number of control inputs must be equal to the dimension of the
Graduate Student state.

In this paper, we consider a class of large-scale systems with
guadratically bounded nonlinear interconnections agl#]. We
design a decentralized controller and observer that can achieve
global exponential stabilization under two sufficient conditions.
The tools used in the paper are related to the concept of distance
to uncontrollability (unobservability of a pair of matrices
The decentralized output feedback control problem for a class @.B)((C,A)) [15-17. As opposed to the LMI framework, our
large-scale interconnected nonlinear systems is considered. T#esign does not require as many control inputs as the number of
nonlinear interconnection function of each subsystem is assungidte variables for each subsystem; further, the proposed design
to satisfy a quadratic constraint on the entire state of the larggesults in computable sufficient conditions for each subsystem as
scale system. A decentralized estimated state feedback controfipposed to solving an optimization problem for the overall large-
and a decentralized observer are designed for each subsyst&gfle system. Insights into the problem are provided by consider-
Sufficient conditions, for each subsystem, under which the piBg various special cases which are practically relevant.
posed controller and observer can achieve exponential stabiliza-The rest of the paper is organized as follows. In Sec. 2, the class
tion of the overall large-scale system are developed. Simulatiof large-scale systems is given with a discussion of the problem
results on a numerical example are given to verify the proposédid related results available in literature. Some existing results
design.[DOI: 10.1115/1.1870047 that will be used in the developments of the paper are given in
Sec. 3. In Sec. 4, the proposed decentralized controller/observer
structure is given; sufficient conditions under which exponential
. stabilization is achieved are also derived. Simulation results on an
1 Introduction example are given in Sec. 5. Section 6 summarizes the paper and

Large-scale interconnected systems can be found in such highlights some future research topics on the problem.
verse fields as electrical power systems, space structures, manu-
facturing processes, transportation, and communication. An im- Problem Formulation
portant motivation for the design of decentralized schemes is thai . L .
the information exchange between subsystems of a large-scal he following notation is used. The sth of reaITnumbers is de-
system is not needed: thus, the individual subsystem controlléf&ed byR. The term\min(M), Ama(M),M™, andM * denote the
are simple and use only locally available information. Decentrdl?inimum eigenvalue, the maximum eigenvalue, the complex con-
ized control of large-scale systems has received considerablelifiate transpose, and the transpose of the mbdtixespectively.
terest in the systems and control literature. A large body of literd >0(=0) denotes that the matrid is symmetric positive defi-
ture in decentralized control of large-scale systems can be founite (symmetric positive semidefinite omin(M) 2 VA min(MHM).
in [1]. In [2], a survey of early results in decentralized control ofhe spectral norm of the matrM is denoted by{M|. The identity
large-scale systems was given. Decentralized control schemes Hatrix is denoted byl. The term diag(M4,...,M,) denotes a
can achieve desired robust performance in the presence of ungfgck diagonal matrix withM; to M,, as its diagonal blocks.

tain interconnections can be found[i8-5]. A decentralized con-  The following class of large-scale interconnected nonlinear sys-
trol scheme for robust stabilization of a class of nonlinear systemsns is considered:

using the linear matrix inequalitied.MI) framework was pro-
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posed in[6]. (1) = Axi(t) + Biui(t) + hi(t,x),  Xi(to) = Xio (1a)
In many practical situations, complete state measurements are
not available at each individual subsystem for decentralized con- yi(t) = Cixi(t) (1b)

trol; consequently, one has to consider decentralized 1‘eedbaa,(;i§erexi e RM,u e RM,y; e R% hy e R" t,, and ;o are the state,
control based on measurements only or design decentralized piput, output, nonlinear interconnection function, initial time, and
servers to estimate the state of individual subsystems that canjiigal state of theith subsystem. Systelfl) consists ofN sub-
used for estimated state feedback control. There has been a strgigems, that is,=1:N. The interconnections are assumed to be
research effort in literature towards development of decentralizghcewise-continuous functions in both variables, and satisfy the
control schemes based on output feedback via construction of gemdratic constraintgl4]

centralized observers. Early work in this area can be found in - pTuT

[1,3,7]. Subsequent work if8—12] has focused on the decentral- hy (t,x)hi(t,x) < afx Hi Hix (2

ized output feedback problem for a number of special class ghere o, >0 are interconnection bounds; are bounding matri-
large-scale nonlinear systems. The design of an observer-baégg, and(T:[XI’X; :XL] is the state of the overall system. It is

assumed thaf) «; and||H;|| are known(ii) (A;,B;) is controllable,
Corresponding author. and (ii) (C;,A) is observable. Without loss of generality, it is
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chines with steam valve control; the dynamic model is discussed

in [18]. (1) = ApX(t) + Bpu(t) + Lp(y(t) - CpX(1)) (6)
The overall systenfl) can be rewritten as whereKp=diagKy,...,Ky) andLp=diagL4,...,Ly) are the con-
. troller and observer gain matrices, respectively. RewritB)gand
X(t) = Apx(t) + Bpu(t) + h(t,x),  x(to) =Xo (32)  (6) in the coordinates(t) andX(t), whereX(t) 2 x(t)—X(t) is the
estimation error, the closed-loop dynamics is
y(t) = Cpx(t) (3b) _
where AD:dianl, ,AN), BD:dianl, ,BN), CD X(t) = (AD + BDKD)X(t) - BDKDX(t) + h(t,X)
=diagCy,...,Cy), u'=[uj,...,ux], y'=[y],....y§], and h' _ _ @)
=[h},...,hl]. The nonlinear interconnectiort,x) are bounded X(t) = (Ap — LpCp)X(t) + h(t,x)
as follows: Two broad methods are used to design observer-based decen-
hT(t0h(t.%) < XTI @) tralized output feedback controllers for large-scale systdi)s:

Design local observer and controller for each subsystem indepen-
whereT'=3, o?HTH;. The pair(Ap,Bp) is controllable and the dently, and check the stability of the overall closed-loop system.
pair (Cp,Ap) is observable. In this method, Fhe interconnection in each subsystem is regarded

Since the systerf8) is linear with nonlinear interconnections, a@S @1 unknown inpyt.7,10. (2) Design the observer and control-
common question to ask is under what conditions can we desigtfh Py Posing the output feedback stabilization problem as an op-
decentralized linear controller and a decentralized linear obserj@?'zat'_on problem. The optimization approach using LMIs can be
that will stabilize the system in the presence of bounded nonlindgHnd in [14]. We give a brief overview of this approach. It is
interconnections. Towards solving this problem, one can consid&Sumed that; is known. The controller gaiKp and the ob-

the following linear decentralized controller and observer: server gainLp are obtained from the following minimization
problem, provided it is feasible.
u(t) = KpX(t) (5) Minimize =, % subject to
|
P,>0, P,>0,

AEE’]_"’E)]_AD"'MB"'MD _MD E)l H]_— e HL

-Mp AP, +PoAs - CINL-NgCp P, O -+ O
P, P, -0 0 oy (8)

Hy 0 0 —pl - O

Hi 0 0 0 - —pl

where y,=1/a?, and P;BpKp=Mp,PsLp=Np. Under the as- If y1=1, then the first state ofy,x,;, has the dynamicg;=xy,
sumption that the optimization problertg), is feasible, the gain Which is unstable and we lose controllability of the system. One

. T cannot design a controller to stabilize the syst&n with the
matricesKp and Lp were extracted as follow(p=Bp P1"Mp  given interconnection, althougi,,B,) is controllable. From the

and LD:PglND. The LMI formulation given above requires theexample, it is clear that the structure and bounds of the intercon-
invertibility of the input matrixBp; that is, it requires as many nections will affect controllability of subsystems. The same holds
independent control inputs as the number of state variables in e&gte for observability of the system.

subsystem. Although the formulation as an optimization problem The objective of the paper is to design a totally decentralized
using the LMI framework is quite elegant from a numerical pepbserver-based Ilnear_controller that robus_tly regulates the state of
spective, as it not only computes the gains but also maximizes ﬂh‘% overall system without any information exchange between

interconnection bounds, it can be applied only to a restrictive claS4PSystems. We reduce the problem of decentralized exponential
of systems in which the input matrix is invertible. Further, obtain§t€’.‘b'“2at'0n of the Iar_ge-sca_ll_e system via output feedback into t_he
~ ~ existence of symmetric positive definite solutions of two algebraic
ing block diagonal positive definite solutior3; andP,, from the  Rijcatti equationgARES). Further, we develop sufficient condi-
optimization problem(8) in itself is a challenging problem; the tions for the existence of symmetric positive definite solutions.
solutions need to be block diagonal for the compugdandLp
tscz)lzt;obrlfck diagonal; otherwise, one does not get a decentrahz§d Preliminaries

Notice that, because of the nature of the interconnection, Definition I The real numbes(M,N) is defined as

hi(t,x), in some cases, syste(fi) may not be stabilizable even iwl =M
with full-state feedback control. For example, 8(M,N) £ mipamm[ N ] (10
. 0 1 0 X1 = X2 wherei=y-1,M € R™" N e RPX". The distance between a pair
= [_2 -3 }x‘ * [1 ]”‘ + 71[ b ] n=[1 0k (A,C) and the set of pairs with an unobservable purely imaginary
—_— — mode is given byS(A,C). Similarly, 5AT,BT) gives the distance
& Bj (9) between the paifA,B) and the set of pairs with an uncontrollable
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purely imaginary mode. Sd&9] for a discussion of the number
and a bisection algorithm for computing it. ¥
Lemma 1 [19] Consider the algebraic Ricatti equation Vie, 5= &, {_r,’[[,‘t. + A TP PAA + A+ 5 [(A; = AT P
-|

+ PUA = AT~ T AL P X = x] PAT + h] P, + x] P,

ATP+PA+PRP+Q=0 (12)

+ W PE+ 5 Pt

If R=R"=0,Q=Q">0, A is Hurwitz, and the associated Hamil- —_— 17
tonian matri)(H:[_(g\ ?AT] is hyperbolic, i.e.}{ has no eigenval-
ues on the imaginary axis, then there exists a uniga®’>0,
which is the solution of the AREL1). XTY +YTX < X™X+YTY, XYeR™" (18)

Lemma 2 [19,2q Let y=0 and deﬁ”eHvz[cTcé;A I—AT]- Hy  for terms with under braces i17), we obtain
is hyperbolic if and only ify< (A, C). _r T T T T ~ T

Lemma 3 [21] AssumeA,Q,,Re R™" Q,=Q] and R=R X (= Ag) Pix; + % Pi(= Agi)X <% AgiAgiX; + X; PiPix;
>0. If P,=P}>0 satisfies (19a)

Using the inequality

h/P,x, + x'Pih; < h'h; + X P,Pix; (19b)
AP, + P,A+P,RP,+Q,=0 ~ ~ -
2ooEmETe e hTP% +X P,y < hTh, + X' P,P%; (19)
andQ;=Q! such thaQ; <Q,, then there exists B;=P] >0 such Each interconnection functiom;(t,x), satisfies
that P, =P, and hl (t,0)h(t,x) < eXTHTHix < a?yxx (20
where v;=\ma(H{ H;). We also have
AP+ PA+P;RP +Q;=0. N N N
> 20 (EON(LX) < X 2a2m(xxa + -+ +X0) = P2 X
i=1

i=1 i=1
(21)
where 223N 2471, Using (19) and(21), in (17) we have
4 The Decentralized Output Feedback Controller De- N
sign V%) = 2 {XT(A +Ag) TP+ P(A + Ag) + 2P,Py + 1 Ix
Consider the following linear decentralized controller and ob- i=1

server for thath subsystem: . ~ o~ -~
Y + XiT[(Ai = Ac)TPi+ Pi(A = Ac) + AliAgi + P, Pi])v(i}

(22)
U;(t) = Ki%i(t) (12) Choose the following gain matrices:
Ki=-(B/B)™B/P, Li=gP'Cl/2, >0 (23
Substituting the gains int®2), we have

%(1) = AR (D) + Bi(D) + Li(yi(D) = C (1) (13 N
V(%) = 2 {(X/TATP, + PA + 2P(1 - B(BB) 'B))P; + Y1
where K; and L; are the controller and observer gain matrices. i=1

Substituting these into the systefi), we obtain U ~ o~ T
+% [A/P; + PA + PP + Q1 — ,C C X} (24

where Q; 2K'BTB/K;. From the above, we have the following
Xi(t) = (A + BiKj)x;(t) — BiKXi(t) + h;(t,x) (14)  result. For somey; >0 and%,>0, if there exist positive definite
solutions to the AREs

ATP + PA +2P,(1 - B(B'B)'B])P, + Y1 + 71 =0 (25)

% (1) = (A = LiC)(t) + hy(t,x 15 Ve e o
(0= (A = LiCIR(D) + (1) (19 NP BA PP Bl -aCTC =0 (26
whereX;=x;—%;. For simplicity define the followingAg;=BK; then
and A¢i=L;C;. Consider the following Lyapunov function candi- ) N
date: V(%) < = 2 [ % + 7% %] (27)

i=1
As a result, the problem reduces to the following: If there are
positive definite solutions to the ARE&5) and (26), thenV(x,X)
is a Lyapunov function; that isy(x,X) is positive andV(x,X) is
negative.

Remark 1 The control gain matriX; given by (23) requires
The time derivative olV(x,X) along the trajectories ofl4) and that BiTBi is invertible; BiTBi is invertible if B; has full column
(15) is given by rank, which is always possible.

N
VR = 3, (P +XTPR,). (16
i=1
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Remark 2If A is not stable, then we can stabiliaeby chang- Lemma 5 H; is hyperbolic if and only if
ing K; andL; given by (23), to the following: A
i ~
V)\max(Qil) < 5(Ai:ci) (30)
o o o Theorem 1For the large-scale system given (8), the decen-
whereK; and L; are pre-feedback gains such thft=A -BK; tralized controller and observer as given 2) and (13) will
andA-oéAi—fiCi are Hurwitz. In such a casé in (25) and (26) result in exponential stabilization of the overall systeni28) and
: .

must be replaced by’ and A°, respectively. (30) are satisfied for all=1:N. .

Notice th[;t we ce?r:'not désign tﬁe cont?loller and observer inde-Pro0f If (29) and (30) are satisfied for all=1:N, then from
pendently, that is, the separation principle does not hold; the ARETMaS 4, 5, and 1, the ARES) and (26) have symmetric
(26) depends on the control gain matix. It should be noted that positive definite solutions?; and P;, respectively. Consequently,
the above reduction procedure has yielded the following: One cane can choos¥(x,X) given by(16) as the Lyapunov function of
design the controller gain independent of the observer and furthigre overall systen3). Thus, exponential stabilization of the over-
only the first ARE,(25), explicitly depends on the interconnectionall closed-loop system is achieved. |
bounds. The problem now reduces to the following: What are the ) " =
conditions under which there exist positive definite solutions to 42 Remarks. ~ Remark 3  Since  f(7)£12y
the ARES(25) and(26). In the following, two sufficient conditions - 8(A], V2y2(BTB;)~*/28) is a continuous function of, if f(y)

Ki=-(B'B)B/P,-K;, Li=&P'CT2+L, (29

will be derived. <0, then there exists ;> y such thatf(y,) <0, that is, there
4.1 Sufficient Conditions. We first consider the ARE15). €XISts anz >0 such that(29) holds. Same arguments hold for
. R condition (30). Hence, instead of checking conditions given by

The associated Hamiltonian matrix is given W=[_3 -~ (29) and(30), one can check the following two conditions
where R =2(1-B;(B[B)™'B])=0,Q,=(»+ 7)1 >0. The follow-
ing lemma gives a condition under whiet) is hyperbolic; thus, \;§y< s(AT, \EE),(BiTBi)-UZBiT), VA Qi) < A, C)
by lemma 1, it gives a sufficient condition for the existence of a
uniqueP;=P/ >0 to the ARE(25). (3D
Lemma 4 H; is hyperbolic if and only if Notice that the conditions given 1) guarantee the existence of
T A5 7 oTo-1/20T | 7,>0 and7,>0, but not their values. Condition®9) and (30)
‘s(A‘ N2+ ) (BIB) B, ) >N2(/+ m) (29 with specifieds; and%, give the rate of convergence of controller

Proof: Consider the determinant of the mat(si—H;) and observer, respectively.
_ Remark 4 We have the following results when the matridgs
-A  -2(1-B/(B"B)1BT
dei(sl—-H,) = der{ sI=A 2(1-B(8'B)'8) ] andC; are invertible.
(¥ + )l sl+AT Lemma 6 If B; is invertible, there always exists a symmetric

Y+ )l sl+AT positive definite solutiorP; to the ARE(25).

= (= 1)"d 7 i L : T \-1RT

=(=Dhdet ~2(1-B(8B)8T) Proof. When B; is invertible, | -B;(B[B;)'B =0, as a result,
! R the ARE (25) reduces to Lyapunov equation

Since(y?+ 7| is non-singular, using the formula for determinant

of block matriceq[22], p. 650, we obtain ATP +PA + (¥ + 7)1 =0 (32
det(sI - H,) Since(y?+ 7)1 >0 andA, is stable, there always existsPa=P]
=(=1)" >0 satisfying(32) for any vy, 7;>0. [ ]

: : ; Lemma 7 If C; is invertible, there always exists a symmetric
Xdet[ - 2(* + 5)(1 - B(B]B)™'B]) - (sI - A)(sI + A])] positive definite matrixP; to the ARE(26).
G(s) Proof. BecauseQ;;+7;l is a constant matrixg; can be chosen
large enough such that

From the above equatios,is an eigenvalue o¥; if and only if
G(s) is singular. Hence, to prove th&t; is hyperbolic, one can 0 20,+7l-6CTC <0 (33)
prove thatG(-iw) is nonsingular for alkw € R. Notice that P I

= i) == 22+ )l = (= il — A)(= ool + AT) + 252 Notice that €, =G,G| >0. The ARE(26) reduces to

+7)Bi(BB) "Bl (-A)TP+P(-A)-PP+GG =0 (34)
=2t )l + [ 1ol = A, ] Since(1,-A) is observable and-A,G) is controllable, ARE
i N7 2~ _ ~
V2(#+ 1) (B B) 2Bf (34) has a unique positive definite solutiéh [23]. [ ]
il = AT Remark 5 Since the constant; affects the convergence rate of
- he observation error and the stability of the overall system, a
[ T \-1/2T t . . Yy . K Y !
V2(¥2 + ) (BIB) B natural question to ask is what happens if we increase—decrease

Therefore, if(29) is satisfied, theiB(-iw) >0 for all w € R. Thus, thg value ofe;. The followmg lemma 8 gives a result related to
H; is hyperbolic. This completes the sufficiency part of the proo*.h'S; the proof of Wh'c.h _foIIows fr_o_m Iemma 3'. )
The necessary part of the proof is similar to that of lemm#E2. . Lemma 81f the sufﬂqent cond|t|od30) IS S.a.‘t'Sf'ed.f(.)r a par-
] ] . ) ) o~ ticular ¢, then there exists a symmetric positive definite solution

TQe RHamlltonlarl matrix associated with the ARES) is Hi  ; the ARE(25) for any e/ =¢; instead ofe;. Moreover, the solu-
=5 _AIT] where Ri=1>0 and Q=Q;+7%l!-&C/C;. Choose tion corresponding te/ for the ARE (26), P!, satisfiesP! =P,.
% >0 ande; >0 such thal);>0. The following lemma 5 gives a Rémark 6 The convergence rate of each subsystem observer
condition under which?; is hyperbolic; the proof of which is ¢&n be increased by amplifying the observer gain mairiob-
similar to lemma 4. Thus, by lemma 1, it gives a sufficient cortained from(23) by &/ /;. Let Lj=¢/P;*C/2, whereP,=P] >0
dition for the existence of a symmetric positive definite solution tis the solution to the ARE26) obtained withs;. Then the inequal-
the ARE(26). ity (27) becomes
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Fig. 1 Subsystem 1 simulation results
_ N -0.0378,-0.009R L =[0.1488,-0.1465 L} =[0.3358,
V(X,X) < = 2 [7d %+ 7%% + (] — )X CTC%]  (35) -0.2157,0.162F To increase the convergence rate of the observ-
i=1 ers, we choose 109 and 1@, as the observer gain matrices for

Sinces/ —& >0, the convergence rate &fto zero is increased. the first 'and second subsystem, res_pec_tively, in the simglation.
Remark 7 The inequality(18) used in separating the terms can The simulation results are shown in Figs. 1 and 2. In Fig. 1, the

be quite conservative. Instead (@f8), one can use the following Statex;; and its estimaté, the statex;, and its estimat@;,, and
inequality the controlu; are shown in the first, second and third plot, respec-

tively. Figure 2 shows the states, their estimate,, and the

T T T T

XY+YX<XXe+eYY, £>0 (38 control U,. It can be observed from both figures that the state of
The disadvantage of this approach is that one has to chogse the overall systen, and their estimate&, converge to zero.

the design also.

5 Simulation
Consider the following large-scale system:

6 Conclusion
We proposed a decentralized controller and observer for a class

) 0 1 0 of large-scale interconnected nonlinear systems. The interconnect-
X = [_ 125 —22 5:|X1 + [1]U1+ hi(x), y1=[1 0]xy, ing nonlinearity of each subsystem was assumed to be bounded by

' a quadratic form of states of the overall system. Local output
0 1 0 0 signals from each subsystem are required to generate the local

) feedback controller and exact knowledge of the nonlinear inter-
= 0 0 1 |x+|0 fuy+hy(x)x, connection is not required for designing the proposed decentral-

-375 -50 -13. 1 ized controller and observer. Sufficient conditions for the exis-
tence of the decentralized controller and observer are given via the

y,=[1 0 0O]lx, anagsirs; of two ARCIjE(sj. Simulation results on a numerical example

verify the proposed design.
where X1 =[x11, %12, %3 =[Xa1, Xp2. Xoa] X" =[X] 331, Py (%) There are some challenging problems related to the quahtity

! coﬂzg)Hlx,hz(x)=al_cos(x11)H2x,a1:a2:0.2,H1 The quantities5(A, C) or S(AT,BT) are realization dependent. The
=155/ V10 andH,=I3 5/ V15 are normalized matricek,; denotes properties ofs as a function of various state-space realizations is
an ixj dimensional matrix with all its elements being 1. Theyf importance. In particular, finding the realization of the state-
initial conditions were chosen to be](0)=[5,5] and x3(0) space maximizes the value 6fwill be useful.

=[5,5,5]. The gain y is computed based on the values of

ay,a,Hy and H, as y=0.4. The following constant gains are

chosen: £,=0.5,6,=0.125,7,=0.1,7%,=0.5,7,=0.01, and %,

=0.2. It is checked that the conditions given (@®) and(30) are Acknowledgments
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