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The decentralized output feedback control problem for a cla
large-scale interconnected nonlinear systems is considered
nonlinear interconnection function of each subsystem is ass
to satisfy a quadratic constraint on the entire state of the la
scale system. A decentralized estimated state feedback con
and a decentralized observer are designed for each subsy
Sufficient conditions, for each subsystem, under which the
posed controller and observer can achieve exponential stab
tion of the overall large-scale system are developed. Simul
results on a numerical example are given to verify the prop
design.fDOI: 10.1115/1.1870047g

1 Introduction
Large-scale interconnected systems can be found in suc

verse fields as electrical power systems, space structures,
facturing processes, transportation, and communication. An
portant motivation for the design of decentralized schemes is
the information exchange between subsystems of a large
system is not needed; thus, the individual subsystem contr
are simple and use only locally available information. Decen
ized control of large-scale systems has received considerab
terest in the systems and control literature. A large body of li
ture in decentralized control of large-scale systems can be
in f1g. In f2g, a survey of early results in decentralized contro
large-scale systems was given. Decentralized control scheme
can achieve desired robust performance in the presence of
tain interconnections can be found inf3–5g. A decentralized con
trol scheme for robust stabilization of a class of nonlinear sys
using the linear matrix inequalitiessLMI d framework was pro
posed inf6g.

In many practical situations, complete state measuremen
not available at each individual subsystem for decentralized
trol; consequently, one has to consider decentralized feed
control based on measurements only or design decentralize
servers to estimate the state of individual subsystems that c
used for estimated state feedback control. There has been a
research effort in literature towards development of decentra
control schemes based on output feedback via construction
centralized observers. Early work in this area can be foun
f1,3,7g. Subsequent work inf8–12g has focused on the decentr
ized output feedback problem for a number of special clas
large-scale nonlinear systems. The design of an observer-
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output feedback controller is a challenging problem for nonli
systems; it is well known that the separation principle may no
applicable to nonlinear systemsf13g. In f14g, the decentralize
controller and observer design problems were formulated i
LMI framework for large-scale systems with nonlinear interc
nections that are quadratically bounded. Autonomous linea
centralized observer-based output feedback controllers for al
systems were obtained. The existence of a stabilizing cont
and observer depended on the feasibility of solving an optim
tion problem in the LMI framework; further, for a solution
exist, this formulation also required, for each subsystem, tha
number of control inputs must be equal to the dimension o
state.

In this paper, we consider a class of large-scale systems
quadratically bounded nonlinear interconnections as inf14g. We
design a decentralized controller and observer that can ac
global exponential stabilization under two sufficient conditio
The tools used in the paper are related to the concept of dis
to uncontrollability sunobservabilityd of a pair of matrice
sA,BdssC,Add f15–17g. As opposed to the LMI framework, o
design does not require as many control inputs as the num
state variables for each subsystem; further, the proposed d
results in computable sufficient conditions for each subsyste
opposed to solving an optimization problem for the overall la
scale system. Insights into the problem are provided by con
ing various special cases which are practically relevant.

The rest of the paper is organized as follows. In Sec. 2, the
of large-scale systems is given with a discussion of the pro
and related results available in literature. Some existing re
that will be used in the developments of the paper are give
Sec. 3. In Sec. 4, the proposed decentralized controller/obs
structure is given; sufficient conditions under which expone
stabilization is achieved are also derived. Simulation results o
example are given in Sec. 5. Section 6 summarizes the pap
highlights some future research topics on the problem.

2 Problem Formulation
The following notation is used. The set of real numbers is

noted byR. The termslminsMd ,lmaxsMd ,MH, andMT denote th
minimum eigenvalue, the maximum eigenvalue, the complex
jugate transpose, and the transpose of the matrixM, respectively
M .0sù0d denotes that the matrixM is symmetric positive defi
nite ssymmetric positive semidefinited. sminsMd,ÎlminsMHMd.
The spectral norm of the matrixM is denoted byiMi. The identity
matrix is denoted byI. The term diagsM1,… ,Mnd denotes
block diagonal matrix withM1 to Mn as its diagonal blocks.

The following class of large-scale interconnected nonlinear
tems is considered:

ẋistd = Aixistd + Biuistd + hist,xd, xist0d = xi0 s1ad

yistd = Cixistd s1bd

wherexi PRni ,ui PRmi ,yi PR,i ,hi PRni ,t0, andxi0 are the state
input, output, nonlinear interconnection function, initial time,
initial state of theith subsystem. Systems1d consists ofN sub-
systems, that is,i =1:N. The interconnections are assumed to
piecewise-continuous functions in both variables, and satisf
quadratic constraintsf14g

hi
Tst,xdhist,xd ø ai

2xTHi
THix s2d

whereai .0 are interconnection bounds,Hi are bounding matr
ces, andxT=fx1

T ,x2
T ,… ,xN

Tg is the state of the overall system. I
assumed thatsid ai andiHii are known,sii d sAi ,Bid is controllable
and siii d sCi ,Aid is observable. Without loss of generality, it
assumed thatAi is Hurwitz sRemark 2 in Sec. 4 discusses t
aspectd. One specific practical application whose system m
conforms tos1d with the quadratic interconnection boundss2d is a

of

n

multimachine power system consisting ofN interconnected ma-k.
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chines with steam valve control; the dynamic model is discu
in f18g.

The overall systems1d can be rewritten as

ẋstd = ADxstd + BDustd + hst,xd, xst0d = x0 s3ad

ystd = CDxstd s3bd

where AD=diagsA1,… ,ANd , BD=diagsB1,… ,BNd , CD

=diagsC1,… ,CNd , uT=fu1
T ,… ,uN

Tg , yT=fy1
T ,… ,yN

Tg, and hT

=fh1
T ,… ,hN

Tg. The nonlinear interconnectionshst ,xd are bounde
as follows:

hTst,xdhst,xd ø xTGx s4d

whereG=oi=1
N ai

2Hi
THi. The pairsAD ,BDd is controllable and th

pair sCD ,ADd is observable.
Since the systems3d is linear with nonlinear interconnections

common question to ask is under what conditions can we des
decentralized linear controller and a decentralized linear obs
that will stabilize the system in the presence of bounded nonl
interconnections. Towards solving this problem, one can con
the following linear decentralized controller and observer:

ustd = K x̂std s5d
D

-
n

he
y
ea
le
er
s t
cla
ain

e

liz

tio
n

s9d

168 / Vol. 127, MARCH 2005
ed

a
er
ar
er

ẋ̂std = ADx̂std + BDustd + LDsystd − CDx̂stdd s6d

whereKD=diagsK1,… ,KNd andLD=diagsL1,… ,LNd are the con
troller and observer gain matrices, respectively. Rewritings3d and
s6d in the coordinatesxstd and x̃std, wherex̃std,xstd− x̂std is the
estimation error, the closed-loop dynamics is

ẋ̃std = sAD + BDKDdxstd − BDKDx̃std + hst,xd
s7d

x̃.std = sAD − LDCDdx̃std + hst,xd
Two broad methods are used to design observer-based d

tralized output feedback controllers for large-scale systemss1d
Design local observer and controller for each subsystem ind
dently, and check the stability of the overall closed-loop sys
In this method, the interconnection in each subsystem is reg
as an unknown inputf17,10g. s2d Design the observer and contr
ler by posing the output feedback stabilization problem as a
timization problem. The optimization approach using LMIs ca
found in f14g. We give a brief overview of this approach. It
assumed thatHi is known. The controller gainKD and the ob
server gainLD are obtained from the following minimizatio
problem, provided it is feasible.

Minimize oN g subject to
i=1 i
P̃1 . 0, P̃2 . 0,

3
AD

T P̃1 + P̃1AD + MD
T + MD − MD P̃1 H1

T
¯ HN

T

− MD
T

AD
T P̃2 + P̃2AD − CD

TND
T − NDCD P̃2 0 ¯ 0

P̃1 P̃2 − I 0 ¯ 0

H1 0 0 − g1I ¯ 0

] ] ] ] � ]

HN 0 0 0 ¯ − gNI

4 , 0 s8d
One
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where gi =1/ai
2, and P̃1BDKD=MD , P̃2LD=ND. Under the as

sumption that the optimization problem,s8d, is feasible, the gai

matricesKD and LD were extracted as follows:KD=BD
−1P̃1

−1MD

and LD= P̃2
−1ND. The LMI formulation given above requires t

invertibility of the input matrixBD; that is, it requires as man
independent control inputs as the number of state variables in
subsystem. Although the formulation as an optimization prob
using the LMI framework is quite elegant from a numerical p
spective, as it not only computes the gains but also maximize
interconnection bounds, it can be applied only to a restrictive
of systems in which the input matrix is invertible. Further, obt

ing block diagonal positive definite solutions,P̃1 andP̃2, from the
optimization problems8d in itself is a challenging problem; th
solutions need to be block diagonal for the computedKD andLD
to be block diagonal; otherwise, one does not get a decentra
solution.

Notice that, because of the nature of the interconnec
hist ,xd, in some cases, systems1d may not be stabilizable eve
with full-state feedback control. For example,
ch
m
-
he
ss
-

ed

n,

If g1=1, then the first state ofx1,x11, has the dynamicsẋ11=x11,
which is unstable and we lose controllability of the system.
cannot design a controller to stabilize the systems9d with the
given interconnection, althoughsA1,B1d is controllable. From th
example, it is clear that the structure and bounds of the inte
nections will affect controllability of subsystems. The same h
true for observability of the system.

The objective of the paper is to design a totally decentra
observer-based linear controller that robustly regulates the st
the overall system without any information exchange betw
subsystems. We reduce the problem of decentralized expon
stabilization of the large-scale system via output feedback int
existence of symmetric positive definite solutions of two algeb
Ricatti equationssAREsd. Further, we develop sufficient con
tions for the existence of symmetric positive definite solution

3 Preliminaries
Definition 1: The real numberdsM ,Nd is defined as

dsM,Nd,min
vPR

sminFivI − M

N
G s10d

where i =Î−1,M PRn3n,NPRp3n. The distance between a p
sA,Cd and the set of pairs with an unobservable purely imagi
mode is given bydsA,Cd. Similarly, dsAT ,BTd gives the distanc

between the pairsA,Bd and the set of pairs with an uncontrollable
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purely imaginary mode. Seef19g for a discussion of the numberd
and a bisection algorithm for computing it.

Lemma 1: f19g Consider the algebraic Ricatti equation

ATP + PA+ PRP+ Q = 0 s11d

If R=RTù0,Q=QT.0, A is Hurwitz, and the associated Ham
tonian matrixH=f A R

−Q −ATg is hyperbolic, i.e.,H has no eigenva
ues on the imaginary axis, then there exists a uniqueP=PT.0,
which is the solution of the AREs11d.

Lemma 2: f19,20g Let gù0 and defineHg=f A I
CTC−g2I −ATg. Hg

is hyperbolic if and only ifg,dsA,Cd.
Lemma 3: f21g AssumeA,Q2,RPRn3n,Q2=Q2

T and R=RT

.0. If P2=P2
T.0 satisfies

ATP2 + P2A + P2RP2 + Q2 = 0

andQ1=Q1
T such thatQ1øQ2, then there exists aP1=P1

T.0 such
that P1ù P2, and

ATP1 + P1A + P1RP1 + Q1 = 0.

4 The Decentralized Output Feedback Controller De
sign

Consider the following linear decentralized controller and
server for theith subsystem:

uistd = Kix̂istd s12d

ẋ̂istd = Aix̂istd + Biuistd + Lisyistd − Cix̂istdd s13d

where Ki and Li are the controller and observer gain matric
Substituting these into the system,s1d, we obtain

ẋistd = sAi + BiKidxistd − BiKix̃istd + hist,xd s14d

ẋ̃istd = sAi − LiCidx̃istd + hist,xd s15d

where x̃i =xi − x̂i. For simplicity define the following:ABi=BiKi
and ACi=LiCi. Consider the following Lyapunov function can
date:

Vsx,x̃d = o
i=1

N

sxi
TPixi + x̃i

TP̃ix̃id. s16d

The time derivative ofVsx, x̃d along the trajectories ofs14d and

s15d is given by

Journal of Dynamic Systems, Measurement, and Control
-

.

s17d
Using the inequality

XTY + YTX ø XTX + YTY, X,Y P Rm3n s18d

for terms with under braces ins17d, we obtain

x̃i
Ts− ABidTPixi + xi

TPis− ABidx̃i ø x̃i
TABi

T ABix̃i + xi
TPiPixi

s19ad

hi
TPixi + xi

TPihi ø hi
Thi + xi

TPiPixi s19bd

hi
TP̃ix̃i + x̃i

TP̃ihi ø hi
Thi + x̃i

TP̃iP̃ix̃i s19cd

Each interconnection function,hist ,xd, satisfies

hi
Tst,xdhist,xd ø ai

2xTHi
THix ø ai

2nix
Tx s20d

whereni =lmaxsHi
THid. We also have

o
i=1

N

2hi
Tst,xdhist,xd ø o

i=1

N

2ai
2nisx1

Tx1 + ¯ + xN
TxNd = g2o

i=1

N

xi
Txi

s21d

whereg2,oi=1
N 2ai

2ni. Using s19d and s21d, in s17d we have

V̇sx,x̃d ø o
i=1

N

hxi
TfsAi + ABidTPi + PisAi + ABid + 2PiPi + g2Igxi

+ x̃i
TfsAi − ACidTP̃i + P̃isAi − ACid + ABi

T ABi + P̃iP̃igx̃ij
s22d

Choose the following gain matrices:

Ki = − sBi
TBid−1Bi

TPi, Li = «i P̃i
−1Ci

T/2, «i . 0 s23d

Substituting the gains intos22d, we have

V̇sx,x̃d ø o
i=1

N

hxi
TfAi

TPi + PiAi + 2PisI − BisBi
TBid−1Bi

TdPi + g2Igxi

+ x̃i
TfAi

TP̃i + P̃iAi + P̃iP̃i + Q̃i1 − «iCi
TCigx̃ij s24d

where Q̃i1,Ki
TBi

TBiKi. From the above, we have the followi
result. For somehi .0 andh̃i .0, if there exist positive defini
solutions to the AREs

Ai
TPi + PiAi + 2PisI − BisBi

TBid−1Bi
TdPi + g2I + hiI = 0 s25d

Ai
TP̃i + P̃iAi + P̃iP̃i + Q̃i1 + h̃iI − «iCi

TCi = 0 s26d

then

V̇sx,x̃id ø − o
i=1

N

fhixi
Txi + h̃ix̃i

Tx̃ig s27d

As a result, the problem reduces to the following: If there
positive definite solutions to the AREss25d ands26d, thenVsx, x̃d
is a Lyapunov function; that is,Vsx, x̃d is positive andV̇sx, x̃d is
negative.

Remark 1: The control gain matrixKi given by s23d requires
that Bi

TBi is invertible; Bi
TBi is invertible if Bi has full column
rank, which is always possible.

MARCH 2005, Vol. 127 / 169
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Remark 2: If Ai is not stable, then we can stabilizeAi by chang
ing Ki andLi given by s23d, to the following:

Ki = − sBi
TBid−1Bi

TPi − K̄i, Li = «i P̃i
−1Ci

T/2 + L̄i s28d

where K̄i and L̄i are pre-feedback gains such thatAi
c,Ai −BiK̄i

andAi
o,Ai − L̄iCi are Hurwitz. In such a case,Ai in s25d ands26d

must be replaced byAi
c andAi

o, respectively.
Notice that we cannot design the controller and observer

pendently, that is, the separation principle does not hold; the
s26d depends on the control gain matrixKi. It should be noted tha
the above reduction procedure has yielded the following: One
design the controller gain independent of the observer and fu
only the first ARE,s25d, explicitly depends on the interconnect
bounds. The problem now reduces to the following: What are
conditions under which there exist positive definite solution
the AREss25d ands26d. In the following, two sufficient condition
will be derived.

4.1 Sufficient Conditions. We first consider the AREs15d.
The associated Hamiltonian matrix is given byHi =f Ai Ri

−Qi −Ai
Tg

where Ri =2sI −BisBi
TBid−1Bi

Tdù0,Qi =sg2+hidI .0. The follow-
ing lemma gives a condition under whichHi is hyperbolic; thus
by lemma 1, it gives a sufficient condition for the existence
uniquePi =Pi

T.0 to the AREs25d.
Lemma 4: Hi is hyperbolic if and only if

dsAi
T,Î2sg2 + hidsBi

TBid−1/2Bi
Td . Î2sg2 + hid s29d

Proof: Consider the determinant of the matrixssI−Hid

detssI − Hid = detF sI − Ai − 2sI − BisBi
TBid−1Bi

Td
sg2 + hidI sI + Ai

T G
= s− 1dnidetFsg2 + hidI sI + Ai

T

sI − Ai − 2sI − BisBi
TBid−1Bi

Td G
Sincesg2+hidI is non-singular, using the formula for determin
of block matricesff22g, p. 650g, we obtain

From the above equation,s is an eigenvalue ofHi if and only if
Gssd is singular. Hence, to prove thatHi is hyperbolic, one ca
prove thatGs−ivd is nonsingular for allvPR. Notice that

Gs− ivd = − 2sg2 + hidI − s− ivI − Aids− ivI + Ai
Td + 2sg2

+ hidBisBi
TBid−1Bi

T

= − 2sg2 + hidI + F ivI − Ai
T

Î2sg2 + hidsBi
TBid−1/2Bi

T GH

3F ivI − Ai
T

Î2sg2 + hidsBi
TBid−1/2Bi

T G
Therefore, ifs29d is satisfied, thenGs−ivd.0 for all vPR. Thus,
Hi is hyperbolic. This completes the sufficiency part of the pr
The necessary part of the proof is similar to that of lemma 2j

The Hamiltonian matrix associated with the AREs26d is H̃i

=f Ai R̃i

−Q̃i −Ai
Tg where R̃i = I .0 and Q̃i =Q̃i1+h̃iI −«iCi

TCi. Choose

h̃i .0 and«i .0 such thatQ̃i .0. The following lemma 5 gives
condition under whichHi is hyperbolic; the proof of which
similar to lemma 4. Thus, by lemma 1, it gives a sufficient c
dition for the existence of a symmetric positive definite solutio

the ARE s26d.

170 / Vol. 127, MARCH 2005
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Lemma 5: Hi is hyperbolic if and only if

ÎlmaxsQ̃i1d + h̃i , dsAi,Cid s30d
Theorem 1: For the large-scale system given bys3d, the decen

tralized controller and observer as given bys12d and s13d will
result in exponential stabilization of the overall system, ifs29d and
s30d are satisfied for alli =1:N.

Proof: If s29d and s30d are satisfied for alli =1:N, then from
lemmas 4, 5, and 1, the AREss25d and s26d have symmetri

positive definite solutions,Pi and P̃i, respectively. Consequent
one can chooseVsx, x̃d given bys16d as the Lyapunov function
the overall systems3d. Thus, exponential stabilization of the ov
all closed-loop system is achieved. j

4.2 Remarks. Remark 3: Since fsgd,Î2g2

−dsAi
T ,Î2g2sBi

TBid−1/2Bi
Td is a continuous function ofg, if fsgd

,0, then there exists ag1.g such thatfsg1d,0, that is, ther
exists anhi .0 such thats29d holds. Same arguments hold
condition s30d. Hence, instead of checking conditions given
s29d and s30d, one can check the following two conditions

Î2g , dsAi
T,Î2gsBi

TBid−1/2Bi
Td, ÎlmaxsQ̃i1d , dsAi,Cid

s31d

Notice that the conditions given bys31d guarantee the existence
hi .0 and h̃i .0, but not their values. Conditionss29d and s30d
with specifiedhi andh̃i give the rate of convergence of contro
and observer, respectively.

Remark 4: We have the following results when the matriceBi
andCi are invertible.

Lemma 6: If Bi is invertible, there always exists a symme

positive definite solutionP̃i to the AREs25d.
Proof: When Bi is invertible, I −BisBi

TBid−1Bi
T=0, as a resul

the ARE s25d reduces to Lyapunov equation

Ai
TPi + PiAi + sg2 + hidI = 0 s32d

Sincesg2+hidI .0 andAi is stable, there always exists aPi =Pi
T

.0 satisfyings32d for any g ,hi .0. j
Lemma 7: If Ci is invertible, there always exists a symme

positive definite matrixP̃i to the AREs26d.
Proof: BecauseQ̃i1+h̃iI is a constant matrix,«i can be chose

large enough such that

Q̃i , Q̃i1 + h̃iI − «iCi
TCi , 0 s33d

Notice that −Q̃i =G̃iG̃i
T.0. The AREs26d reduces to

s− AidTP̃i + P̃is− Aid − P̃iP̃i + G̃iG̃i
T = 0 s34d

Since sI ,−Ai
Td is observable ands−Ai

T ,G̃id is controllable, ARE

s34d has a unique positive definite solutionP̃i f23g. j
Remark 5: Since the constant«i affects the convergence rate

the observation error and the stability of the overall syste
natural question to ask is what happens if we increase–dec
the value of«i. The following lemma 8 gives a result related
this; the proof of which follows from lemma 3.

Lemma 8: If the sufficient conditions30d is satisfied for a pa
ticular «i, then there exists a symmetric positive definite solu
to the AREs25d for any «i8ù«i instead of«i. Moreover, the solu

tion corresponding to«i8 for the ARE s26d, P̃i8, satisfiesP̃i8ù P̃i.
Remark 6: The convergence rate of each subsystem obs

can be increased by amplifying the observer gain matrixLi ob-

tained froms23d by «i8 /«i. Let Li =«i8P̃i
−1Ci

T /2, whereP̃i = P̃i
T.0

is the solution to the AREs26d obtained with«i. Then the inequa

ity s27d becomes

Transactions of the ASME
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V̇sx,x̃d ø − o
i=1

N

fhixi
Txi + h̃ix̃i

Tx̃i + s«i8 − «idx̃i
TCi

TCix̃ig s35d

Since«i8−«i .0, the convergence rate ofx̃i to zero is increased
Remark 7: The inequalitys18d used in separating the terms c

be quite conservative. Instead ofs18d, one can use the followin
inequality

XTY + YTX ø XTX/« + «YTY, « . 0 s36d

The disadvantage of this approach is that one has to choos« in
the design also.

5 Simulation
Consider the following large-scale system:

ẋ1 = F 0 1

− 125 − 22.5
Gx1 + F0

1
Gu1 + h1sxd, y1 = f1 0gx1,

ẋ2 = 3 0 1 0

0 0 1

− 37.5 − 50 − 13.5
4x2 + 30

0

1
4u2 + h2sxdx,

y2 = f1 0 0gx2

where x1
T=fx11,x12g ,x2

T=fx21,x22,x23g ,xT=fx1
T ,x2

Tg ,h1sxd
=a1 cossx22dH1x,h2sxd=a1 cossx11dH2x,a1=a2=0.2,H1

= I2,5/Î10 andH2= I3,5/Î15 are normalized matrices.I i,j denotes
an i 3 j dimensional matrix with all its elements being 1. T
initial conditions were chosen to bex1

Ts0d=f5,5g and x2
Ts0d

=f5,5,5g. The gain g is computed based on the values
a1,a2,H1 and H2 as g=0.4. The following constant gains a
chosen: «1=0.5,«2=0.125,h1=0.1,h̃1=0.5,h2=0.01, and h̃2
=0.2. It is checked that the conditions given bys29d ands30d are
satisfied for both subsystems. The control and observer gain

Fig. 1 Subsystem
trices from s23d are K1=f−0.0080,−0.0061g ,K2=f−0.0306,
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a-

−0.0378,−0.0093g ,L1
T=f0.1488,−0.1465g ,L2

T=f0.3358,
−0.2157,0.1625g. To increase the convergence rate of the obs
ers, we choose 100L1 and 10L2 as the observer gain matrices
the first and second subsystem, respectively, in the simulatio

The simulation results are shown in Figs. 1 and 2. In Fig. 1
statex11 and its estimatex̂11, the statex12 and its estimatex̂12, and
the controlu1 are shown in the first, second and third plot, res
tively. Figure 2 shows the statesx2, their estimatesx̂2, and the
control u2. It can be observed from both figures that the sta
the overall system,x, and their estimates,x̂, converge to zero.

6 Conclusion
We proposed a decentralized controller and observer for a

of large-scale interconnected nonlinear systems. The intercon
ing nonlinearity of each subsystem was assumed to be bound
a quadratic form of states of the overall system. Local ou
signals from each subsystem are required to generate the
feedback controller and exact knowledge of the nonlinear i
connection is not required for designing the proposed dece
ized controller and observer. Sufficient conditions for the e
tence of the decentralized controller and observer are given v
analysis of two AREs. Simulation results on a numerical exa
verify the proposed design.

There are some challenging problems related to the quand.
The quantitiesdsA,Cd or dsAT ,BTd are realization dependent. T
properties ofd as a function of various state-space realization
of importance. In particular, finding the realization of the st
space maximizes the value ofd will be useful.
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