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daptive estimation of time-varying parameters in linearly pa-
ametrized systems is considered. The estimation time is divided
nto small intervals; in each interval the time-varying parameter
s approximated by a time polynomial with unknown coefficients.

condition for resetting of the parameter estimate at the begin-
ing of each interval is derived; the condition guarantees that the
stimate of the time-varying parameter is continuous and also
llows for the coefficients of the polynomial to be different in
arious time intervals. A modified version of the least-squares
lgorithm is provided to estimate the time-varying parameters.
tability of the proposed algorithm is shown and discussed. Simu-
ation results on an example are given to validate the proposed
ethod. �DOI: 10.1115/1.2234488�

Introduction
It is evident from a study of the literature that an important
otivation for designing adaptive controllers is in dealing with

ime-varying parameters. Even though the research in identifica-
ion and control of time-varying systems has been active during
he past two decades, the adaptive estimation of time-varying pa-
ameters in linearly parametrized systems is still an open problem.

ost adaptive estimation algorithms, such as the least-squares and
he gradient algorithms and a number of variations of them, have
ice stability and convergence properties in the ideal case when
he parameters are constant �1,2�. But these algorithms fail to
etain most of their properties when the parameters are time vary-
ng.

Adaptive control of a class of slowly time-varying discrete-time
ystems is considered in �3�; it is shown that the traditional gra-
ient algorithm designed for the estimation of the constant param-
ters can maintain stability when the plant parameters are slowly
ime varying. In �4�, time-varying linear systems in linear param-
trized form with modeling error is considered for adaptive con-
rol design; a gradient algorithm with projection is used to esti-

ate the time-varying parameters; it is shown that the parameter
stimation error is bounded under the assumption that the param-
ter variations are uniformly small and the modeling errors are
ounded by a small exponentially weighted sum of plant inputs
nd outputs. Model reference adaptive control with slowly time-
arying plants can be found in �5�. A number of results in adaptive
ontrol of linear-time varying plants can be found in �6�. In �7�, a
omparative survey with respect to performance and robustness
etween recursive and direct least-squares estimation algorithms
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is presented; a nonrecursive algorithm that improves robustness to
bounded disturbances for the case of slowly time-varying param-
eters is given.

In �8�, it is shown via simulation results that applying local
regression in traditional least-squares with a forgetting factor al-
gorithm can reduce the estimation error in the mean-square sense
for systems with slowly time-varying parameters. The adaptive
control of discrete-time systems with time-varying parameters can
be found in �9,10�; a polynomial approximation of the time-
varying parameters in a discrete sense is used in the parameter
estimation algorithms. Nonparameteric regression techniques to
various statistical problems, using local polynomial modeling, are
discussed extensively in �11�. In �13�, an adaptive controller is
developed for time-varying mechanical systems based on polyno-
mial approximations of time-varying parameters and disturbances;
experimental results of the adaptive controller on a planar robot
are given to verify the proposed adaptive controller.

Systems given by the linear parametric model, where the un-
known parameters are time varying, are considered in this work.
Since a wide class of systems can be represented by linear param-
eter models �2,6,11�, extensive research can be found on this
topic. In particular, one practical application that is the motivation
for this research is in control of robots used in filling and pouring
operations, where the payload is time varying. The dynamics of
the robot in such situations can be linearly parametrized �12,13�?

A local polynomial approximation in a finite time interval is
used to represent the unknown time-varying parameters. The co-
efficients of the polynomials are estimated locally instead of the
unknown time-varying parameter. The accuracy of the approxima-
tion depends on the order of the polynomial and the width of the
time interval, which can be chosen. The polynomial coefficients
vary from one interval to the other, but within an interval they are
constant. Thus, each time-varying parameter is approximated in-
dependently in each interval by a set of constant coefficients.
Based on the approximation, a modification to a traditional least-
squares algorithm with covariance resetting is provided for the
linear time-varying parametric model. Stability of the modified
algorithm is shown and discussed. Simulation results for the pro-
posed algorithm on an example are presented.

The following are the contributions of the paper: �1� A local
polynomial approximation model is proposed for linearly param-
etrized systems; a condition that for continuous resetting of the
parameter estimate at the beginning of each interval is derived. �2�
Based on the model developed, a modified least-squares algorithm
with covariance resetting is proposed, and stability properties of
the algorithm are given.

The rest of the paper is organized as follows. Section 2 gives
the problem statement. A representation of the time-varying pa-
rameters via local polynomials is discussed in Sec. 3. The linear
time-varying parametric model in terms of the local polynomial
approximations is described in Sec. 4. The modified least-squares
algorithm is discussed in Sec. 5. Section 6 gives simulation results
for an example. Conclusions are given in Sec. 7.

2 Problem Statement
Consider the continuous-time system given by the parametric

model

z�t� = �*T�t���t� �1�

where �*T�t�= ��0
*�t� ,�1

*�t� , . . . ,�m
* �t���Rm is the unknown time-

varying parameter vector, ��t�= ��1�t� ,�2�t� , . . . ,�m�t��T�Rm is
the known signal vector, and z�t��R is the measured output. It is
assumed that �*�t� belongs to the class of piecewise continuous
m-times differentiable functions, that is,

�*�t� � ��*�m��t� � L�, m = 1, . . . ,p� �2�

where �*�m��t� denotes the mth time derivative of �*�t�. The goal is

to design a parameter adaptation law for tracking the time-varying
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arameter �*�t� based on the signal vector ��t� and the measured
utput z�t�.

Representation of Time-Varying Parameters
To represent a time-varying parameter, consider the following

esult �14�:
LEMMA 1. Let I be an open interval in R, and f be a

p+1�-times continuously differentiable function of I into R; then,
or any pair of points t0, t in I,

f�t� = f�t0� +
�t − t0�

1!
f �1��t0� + ¯ +

�t − t0�p

p!
f �p��t0�

+�
t0

t �t − ��p+1

�p + 1�!
f �p+1����d� �3�

here f �i��·� denotes the ith derivative of the function f�·�.
If the function f�t� is approximated by the first p+1 terms in

3�, then the last term, �ª�t0
t ��t−��p+1 / �p+1�!�f �p+1����d�, repre-

ents the error due to the approximation. If the �p+1�th derivative
f f�t� is bounded, then the approximation error can be made
mall by choosing a small interval �t− t0�.

As a result of Lemma 1, the time-varying function can be ap-
roximated locally at t0 as a polynomial of time with constant
oefficients, that is,

f�t� = a0�t0� + a1�t0��t − t0� + ¯ + ap�t0��t − t0�p,t � �t0,t0 + T�

ª 	
i=0

p

ai�t0��t − t0�i �4�

here ai�t0�= �1/ i!�f �i��t0�, i=0, . . . , p, f �i��t0� is the ith time de-
ivative evaluated at t= t0, and T is the window length that can be
hosen. Assuming the window is sufficiently small, the last term
f �3� is negligible; that is, �ª�t0

t ��t−��p+1 / �p+1�!�f �p+1����d� is
egligible. Suppose that the �p+1�th derivative of f�t� is bounded,
hat is, supt
f �p+1��t�
�cp, then � can be bounded by

��� �
cp�t − t0�p+1

�p + 1�!
. �5�

Therefore, it is possible to use �4� to approximate f�t� closely
y choosing either a higher order polynomial, that is, p large, or a
mall interval T such that t− t0�T, or both. If we choose t0 as a
ondecreasing sequence of time instants with each difference be-
ween adjacent t0 not more than T, in other words, the partition
ime into segments with the length of each segment not larger than
, then the time-varying function f�t� can be approximated by a
umber of polynomials of time locally at each t0 with constant
oefficients ai; Fig. 1 illustrates the idea, where f i�t� , i=0,1 , . . .,
ocally represents the function f�t� by a polynomial in the ith
indow. In general, the coefficients ai between two intervals are
ifferent.

ig. 1 Local polynomial approximation of continuous function
The function f�t� can also be approximated locally at tr� t0 by
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f�t� = a0�tr� + a1�tr��t − tr� + ¯ + ap�tr��t − tr�p �6�

ª	
i=0

p

ai�tr��t − tr�i �7�

where ai�tr�= �1/ i!�f �i��tr�. To express each aj�tr� in terms of
ai�t0� , i=0, . . . , p, evaluate the jth derivative of �6� and �4� at t
= tr; notice that one can do this under the assumption that tr− t0
�T. The jth derivative of �4� and �6� are:

f �j��t� = 	
i=0

p

ai�t0�
i!

�i − j�!
�t − t0�i−j , �8�

f �j��t� = 	
i=0

p

ai�tr�
i!

�i − j�!
�t − tr�i−j . �9�

Evaluating �8� at t= tr, we obtain

f j�tr� = 	
i=0

p

ai�t0�
i!

�i − j�!
�tr − t0�i−j = 	

i=0

p

ai�tr�
i!

�i − j�!
�tr − tr�i−j .

Similarly, evaluating �9� at t= tr,

f j�tr� = 	
i=0

p

ai�tr�
i!

�i − j�!
�tr − tr�i−j = aj�tr� .

Combining the above two equations results in

aj�tr� = 	
i=0

p

ai�t0�
i!

j!�i − j�!
�t − tr�i−j . �10�

Therefore, the relationship between aj�tr� , j=0, . . . , p, and
ai�t0� , i=0, . . . , p, is given by

�11�

4 Local Polynomial Approximation Model
Applying the local polynomial approximation to each element

of the time-varying parameter vector �*�t� locally at t0, that is,

�i
*�t� = �i0 + �i1�t − t0� + ¯ + �ip�t − t0�p

ª �i
T�t0�L�t,t0�

�12�

where �i�t0�ª ��i0�t0� ,�i1�t0� , . . . ,�ip�t0��T is the unknown con-
stant vector and L�t , t0�ª �1, �t− t0� , . . . , �t− t0�p�T is a column
vector. Notice that �i

*�t� is the original time-varying parameter that
is being approximated by the time polynomial with coefficients
�i0 ,�i1 , . . . ,�ip. If tr,i is defined as the time instant at which the ith
window of the local polynomial approximation begins, then t0 is
given by the sequence t0= �tr,i� with i=0,1 , . . ., and tr,i+1− tr,i=T.
In the following tr,i is referred to as the resetting time, which is the
beginning of the ith window of the local polynomial approxima-
tion. Notice that �i�t0� is constant only within each interval
�tr,i , tr,i+1� and, in general, differs from one interval from another
for a time-varying parameter. The parameter vectors at two adja-
cent resetting times, �i�tr,i� and �i�tr,i+1�, are related by �11�, that
is, �i�tr,i+1�=A�tr,i+1 , tr,i��i�tr,i�. The polynomial order p can be
chosen for different �i

*�t� based on some a priori knowledge; for
convenience, p is chosen to be the same for all the time-varying

*
parameters. Therefore, the original parameter vector � �t� is re-
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ated to the approximation polynomial coefficient vector ��t0� by

�*�t� = �
LT�t,t0�

LT�t,t0�
�

LT�t,t0�

��t0� ª ��t,t0���t0�

�13�

here ��t , t0� is an m�m�p+1� matrix. Equation �1� and the
esetting times can be written as

z�t� = �*T�t�	�t� = �T�t0�
�t,t0� ,
�14�

t0 = �tr,i�, i = 0,1,2, . . . ,

here 
�t , t0�=�T�t , t0���t�. As ��t0� is now a piecewise constant
ector, the problem of estimating the time-varying parameter in
1� can be transformed to that of estimating the constant parameter
n �14� based on the observations within each interval �t0 , t0+T�.
onsequently, various estimation algorithms designed for estimat-

ng constant parameters may be employed with appropriate modi-
cations.
By using �11�, ��tr,i+1� and ��tr,i� are related by the following

quation:

��tr,i+1� = �
A�tr,i+1,tr,i�

A�tr,i+1,tr,i�
�

A�tr,i+1,tr,i�

��tr,i�

ª B�tr,i+1,tr,i���tr,i� . �15�

otice that ��tr,i� is constant in the ith interval, that is, ����
��tr,i� for all �� �tr,i , tr,i+1

− �. Equation �15� will form the basis for
esetting the initial value of the estimate at the beginning of each
nterval, and Eq. �14� will be used to identify the constant coeffi-
ients of the polynomial in each time interval. In the next section,
he least squares and the gradient algorithms are modified to esti-

ate the time-varying parameter vector by introducing a resetting
cheme at the beginning of each interval; the resetting scheme
nsures that the estimate of the time-varying parameter vector,

ˆ*�t�, is continuous, consistent with the assumptions on the true
ime-varying parameters. Stability properties of each identification
lgorithm with the proposed resetting scheme is shown and dis-
ussed.

Remark 1. Extensive work has been done in estimation of pa-
ameters in autoregressive models with exogenous inputs �ARX�.
RX models with time-varying coefficients, whose variation is

imited to a set of predefined functions, could be used for the
stimation of time-varying coefficients. A problem that could arise
ith such an approach is that the estimates of the coefficients will
e influenced by the choice of the set of predefined functions
ather than the data itself. Local polynomial modeling is more
atacentric and depends on the window of the interval chosen in
hich the data is being collected �see �11� for discussions related

o this aspect�.

Modified Least-Squares Algorithm
Based on the local polynomial approximation described in the

revious section, a modified version of the least-squares with co-
ariance resetting algorithm is given for identification of time-
arying parameters. The least-squares algorithm with covariance
esetting has been widely used for estimating an unknown con-
tant parameter vector, �, for the following model:

y�t� = �T	�t� �16�

here 	�t� is a known signal vector. The estimate of �, �̂, is given

y minimizing the following integral cost function

ournal of Dynamic Systems, Measurement, and Control
J��� =
1

2�
0

t

�y��� − �T�t�	����2 d� , �17�

that is, �̂=arg min� J���. The minimization of �17� with covari-
ance resetting results in the following estimation algorithm �2�:

�̂
˙

= P	�y − �̂T	�
�18�

Ṗ = − P		TP, P�tcr
+ � = 
0I

where tcr is the time at which �min�P�t���
1, �min�·� denotes the
smallest eigenvalue of a matrix, I is the identity matrix, and 
0
�
1�0 are some design scalars.

In the following, a modified version of the above algorithm
where, in addition to the covariance resetting, the initial value of
the estimate is reset at the beginning of each time window of the
local polynomial approximation. For the time-varying model
given by �14�, choose the cost function as follows:

J��̂� =
1

2�
0

t

�2�t,��m2���d� �19�

where

��t,�� =
z��� − �̂T�t�
���

m2���

is the normalized estimation error, m2���=1+ns
2, and ns

2

=
T���
���. The adaptation law is chosen as follows:

�̂
˙ �t� = P�t���t,t�
�t�

�20�

Ṗ�t� = −
P

TP

m2 , P�t0� = 
0I

where �̂�t� is the estimate of ��t0�. Further, the covariance matrix
is reset as follows:

P�t� = 
0I, if �min�P�t�� � 
1. �21�

Equation �21� ensures that the covariance matrix does not get too
close to singularity, that is, the covariance matrix is reset within
each time window if its minimum eigenvalue becomes less than

1. At the beginning of each window the initial value of the esti-
mate is reset according to the following equation:

�̂�tr,i+1� = B�tr,i+1,tr,i��̂�tr,i+1
− � . �22�

The motivation for resetting the initial value at the beginning of
each interval by �22� is the following: Since the true parameter

�i
*�t� is continuous, the estimate, �̂i

*�t�, should also be continuous;
�22� guarantees this at the resetting points tr,i. The following

shows the continuity of �̂*�t� at the resetting point. Just before
resetting for the �i+1�-th interval, using �13� for the estimate, we
obtain

�̂*�tr,i+1� = ��tr,i+1
− ,tr,i��̂�tr,i+1

− � �23�

At the resetting point, again using �13� for the estimate with t0
= tr,i+1,

�̂*�tr,i+1� = ��tr,i+1,tr,i+1��̂�tr,i+1� = ��tr,i+1,tr,i+1�B�tr,i+1,tr,i��̂�tr,i+1
− � ,

�24�

where �22� has been used to obtain the second equality. Notice
that

��tr,i+1,tr,i+1� = diag�e1
T,e1

T, . . . ,e1
T�

where e1
T= �1,0 , . . . ,0�. Also, from the definition of B�tr,i+1 , tr,i�
given by �15�, we obtain

SEPTEMBER 2006, Vol. 128 / 693
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��tr,i+1,tr,i+1�B�tr,i+1,tr,i� = diag�e1
TA�tr,i+1,tr,i�,e1

TA�tr,i+1,tr,i�, . . . ,

e1
TA�tr,i+1,tr,i�� = ��tr,i+1,tr,i� .

herefore, �24� becomes

�̂*�tr,i+1� = ��tr,i+1,tr,i��̂�tr,i+1
− � �25�

rom �23� and �25�, since ��t , t0� is a continuous function of t, it

an be seen that �̂*�tr,i+1
− �= �̂*�tr,i+1�.

The following theorem gives the stability of the modified least-
quares algorithm with covariance resetting for the time-varying
odel.
THEOREM 5.1: The least-squares algorithm given by �20�, to-

ether with the covariance resetting given by �21� and the reset-

ing of the estimate, �̂�t�, at the beginning of each interval, given
y �22�, has the following properties:

(i) �, �ns, �̂, �̂
˙

�L�.
(ii) �, �ns, �̂

˙
�L2.

(iii) If ns, 
�L� and 
 satisfies the following persistence of
the excitation (PE) condition:

�1T0I ��
t

t+T0


���
T���d� � �0T0I ,

�26�
"t � 0 and T0 � T ,

for some 0��0��1, then �̂�t� converges exponentially to
��t0�.

(iv) The estimate of �*�t�, �̂*�t�, is continuous and bounded.
Furthermore, if 
 satisfies the PE condition given in (iii),

the estimation error �̃*�t� exponentially converges to zero
within each time interval.

Proof: Consider the Lyapunov function candidate

V��̃�t�� =
�̃T�t�P−1�t��̃�t�

2
. �27�

t can be shown that, within an interval �t� �t0 , t0+T��, the deriva-
ive of the Lyapunov function candidate satisfies:

V̇�t� = −
�2m2

2
� 0. �28�

hus, one can can arrive at �i�, �ii�, and �iii� of the theorem as
iven in �2�. Notice that in �iii� there is an additional constraint in
he PE condition �26�, that is, T0�T. This is necessary for the
oefficients of the local polynomial approximation to converge to
heir true values within any interval. The following gives the proof
f �iv�.

The estimate of �*�t� for t� �t0 , t0+T�, �̂*�t�, is given by

�̂*�t� = ��t,t0��̂�t� . �29�

ence,


�̂*�t�
 � 
��t,t0�
 
�̂�t�
 � ��max��T�t,t0���t,t0��
�̂�t�


� ��T�
�̂�t�
 �30�

here �max��T�t , t0���t , t0��=1+ �t− t0�2+ ¯ + �t− t0�2p is the
aximum eigenvalue of �T�t , t0���t , t0� and ��T�
�1+T2+ ¯ +T2p. The boundedness of �̂*�t� follows from the

act that �̂�t� is bounded. Also, taking the time derivative of �29�,

e obtain

94 / Vol. 128, SEPTEMBER 2006
�̂
˙*�t� = �̇�t,t0��̂�t� + ��t,t0��̂˙ �t� . �31�

�̂
˙*�t� is bounded within each time interval because �̇�t , t0� and

��t , t0� are bounded within each time interval, and �̂�t� and �̂
˙ �t�

are bounded �from �i��. Hence, �̂*�t� is continuous within each

time interval. Recall that the continuity of �̂*�t� at each resetting
point is guaranteed by the resetting of the estimate at the begin-
ning of each time interval according to �22�. Therefore, it follows

that �̂*�t� is uniformly continuous.
Subtracting �13� from �29� yields

�̃*�t� = ��t,t0��̃�t� . �32�

Therefore, the estimation error, �̃*�t�, is bounded by


�̃*�t�
 � ��T�
�̃�t�
 . �33�

Recall that, from �iii�, �̃�t� exponentially converges to zero, which

implies that �̃*�t� exponentially converges to zero within each
interval. �

Rate of convergence: In the following an estimate of the rate of
convergence of the parameters is derived. The least-squares algo-
rithm, �20�, satisfies �2�:

�̃�t� = P�t�P−1�t0��̃�t0�, t � �t0,t0 + T� �34�
and

P�t� � ��t − t0 − T0��0�−1m̄I, " t � t0 + T0 �35�

where m̄=supt m2�t�. So, the worst case bound of �̃�t� is given by


�̃�t�
 � 
P�t�
 
P−1�t0�
 
�̃�t0�
 � �
0�t − t0 − T0��0�−1m̄
�̃�t0�
 .

�36�

At the end of the ith interval, that is, t= iT+T−, we have


�̃�iT + T−�
 � �
0�T − T0��0�−1m̄
�̃�iT�
 . �37�
From �32�, we have


�̃*�iT + T�
 � ��T�
�̃�iT + T−�
 � ��T��
0�T − T0��0�−1m̄
�̃�iT�
 .

�38�
Notice that, from �37� and �38�, faster convergence of the esti-

mate of the time-varying parameter vector, �̂*�t�, and the vector of

coefficients of the polynomial, �̂�t�, within a time interval depends
on how small T0 is with respect to T. Further, it also depends on
the persistency of excitation level of the signal vector 
�t� ��0�
and 
0.

6 Simulations
Consider the following first-order system given in �7�:

z�t� = �1
*�t�uf�t� + �2

*�t�zf�t� + n�t� = �*T�t�	�t� + n�t� �39�

where z�t� is the output of the plant, n�t� is the noise, �*T�t�
= ��1

*�t� ,�2
*�t��T, 	�t�= �uf�t� ,zf�t��T, and the filtered input and out-

put signals, uf�t� and zf�t�, are given by

u̇f�t� = − 300uf�t� + 300u�t�, ż f�t� = − 300zf�t� + 300z�t� ,

�40�

where u�t� is the input. The input u�t� is chosen to be a random
signal with zero mean and a variance of 0.01. In the simulation,
�1

*�t� is approximated by a sixth-order polynomial of time, and
�2

*�t� is approximated by a first-order polynomial of time. The
following values are used in the simulations: T=0.1 s, 
0=2400,
and 
1=0.005. The following three sets of simulations are shown

for different sets of time-varying parameters �Table 1�.
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Figure 2 shows the simulation results. Plots in the first column
nd the second column show the first parameter and its estimate,
nd second parameter and its estimate, respectively. Plots in rows
, 2, and 3 show the simulation results corresponding to the pa-
ameter sets 1, 2, and 3, respectively, given in Table 1. Simulation
esults show that the estimate converges to a small region around
he true value for the proposed modified least-squares algorithm.

Conclusions
We developed a modified version of the traditional least-

quares algorithm for adaptive estimation of unknown time-
arying parameters in linear parametric models. The time-varying
arameters were approximated locally in small intervals of time
y truncated Taylor series expansion in finite intervals of time. A
trategy to reset the initial value of the parameter estimate at the
eginning of each time interval was given; this assures that the
arameter estimate is continuous at the resetting points. Stability
nd convergence properties of the proposed estimation algorithm
as given. Simulation results conducted on an example verify the
roposed algorithm. One particular feature of the method de-
cribed is that the time-varying parameters are not assumed to be
lowly time varying, because both the parameters and their time
erivatives are estimated locally. Although the estimation algo-
ithm is developed in the continuous-time domain, it can be ex-
ended to the discrete-time domain under the assumption of fast
ampling.

Fig. 2 Sim

Table 1 Simulation parameters

et �1
*�t� �2

*�t� n�t�

1 sin��t /10� 0.5 N�0,0.01�
2 sin��t� 0.5 N�0,0.01�
3 sin��t�+sin��t /5� 0.5 N�0,0.01�
ournal of Dynamic Systems, Measurement, and Control
Future research will focus on robustness of the proposed algo-
rithm to modeling error in the linear parametrized model, sensi-
tivity analysis of the algorithm with respect to noise, and experi-
mentation of the algorithm on a practical system.
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