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esign of a stable adaptive controller and observer for a class of
onlinear systems that contain product of unmeasurable states
nd unknown parameters is considered. The nonlinear system is
ast into a suitable form based on which a stable adaptive con-
roller and observer are designed using a parameter dependent
yapunov function. The class of nonlinear systems considered is
ractically relevant; mechanical systems with dynamic friction
all into this category. Experimental results on a single-link me-
hanical system with dynamic friction are shown for the proposed
esign. �DOI: 10.1115/1.2234489�

Introduction
Many practical applications require estimation of the states and

arameters that can be used in designing a stable control algo-
ithm. The unmeasurable states and parameters are generally esti-
ated based on available measurements and the knowledge of the

hysical system, such as a model. Design of a stable adaptive
bserver that simultaneously estimates the unmeasurable state and
he unknown parameters for a general class of nonlinear systems
s a challenging problem; often one considers special classes of
ystems to arrive at satisfactory designs. This has led to continued
trong interest over the years in the development of stable adap-
ive controllers and observers.

Early work on stable adaptive observers for linear time-
nvariant systems can be found in �1,2�. A large number of results
n adaptive control of linear and nonlinear systems can be found
n �3–5�. In �6�, an extensive survey of adaptive output feedback
ontrol methods for nonlinear systems without derived input sig-
al measurements was given. A new method for the design of
ocally convergent observers using the backstepping method was
roposed in �7�. A discussion of persistent excitation in adaptive
ystems was given in �8�. In �9�, design of a nonlinear observer for
onlinear systems using Lyapunov’s auxiliary theorem was pro-
osed. In �10–12�, adaptive observers were designed for a class of
onlinear systems, which can be transformed into an adaptive
bserver canonical form, where the unknown parameters appear
inearly in functions of known output and input variables only.

In �11�, the linear adaptive observer was extended to a class of
onlinear systems that can be transformed into an adaptive ob-
erver canonical form given by

ẋ = Mx + �0�t� + �1�y,u���t� , �1a�

y = x1 �1b�

here x�Rn and y�R are the state vector and the output of the
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system, respectively; x1 is the first element of x; M �Rn�n is a
known constant matrix; ��t��Rp is an unknown parameter vec-
tor; �0�t��Rn is a known function vector; and �1�y ,u��Rn�p is
a known matrix of known functions of u and y. Note that the
system in �1� is linear in the unknown parameters and the nonlin-
earities are restricted to be functions of the known input and out-
put signals. An adaptive observer, which is driven by a p�n−1�
dimensional auxiliary filter, was developed for �1�; stable conver-
gence of the estimates was shown under certain persistency of
excitation conditions.

Necessary and sufficient conditions for transforming a general
nonlinear system into a canonical form that is nonlinear purely in
the output variables can be found in �12�. Based on the early work
of �11,10�, extensions on adaptive nonlinear observers was re-
ported by Marino et al. in a series of papers; see �13� and the
references therein; Marino et al. studied adaptive observers for a
class of nonlinear systems that can be transformed via a global
state space diffeomorphism into

ẋ = Mx + �0�y,u� + b�1
T�y,u�� , �2a�

y = x1 �2b�

where �0�y ,u��Rn and �1�y ,u��Rp are known smooth func-
tions of u and y, b�Rn is a constant known vector, and

M = �0 In−1

0 0
� ,

where In−1 denotes the �n−1�� �n−1� dimensional identity ma-
trix. Note that the system is linear in the unknown parameters and
the nonlinearities are functions of the known output and input
variables only. In �14�, an output feedback controller for a class of
nonlinear systems that consist of a set of unknown constant pa-
rameters and unmeasurable state variables was considered. Under
the assumption that the dynamics of the unmeasurable state is
asymptotically stable and using parameter dependent filtered
transformations, an output feedback controller was constructed. A
necessary and sufficient condition to transform a given nonlinear
system to the form given by �2� was given in �15�; it was shown
that the controllability and observability properties of the system
are invariant under the given transformation.

In this paper, we design a new adaptive controller and observer
for a class of nonlinear systems that contain products of unmea-
surable states and unknown parameters. We cast the given nonlin-
ear system into a suitable modified form that facilitates the pro-
posed design procedure; the process of casting a given system into
the modified form is constructive and is always possible. Stability
of the proposed controller and observer is shown using a param-
eter dependent Lyapunov function. Experimental results on a
single-link mechanical system are shown to verify the proposed
design.

The rest of the paper is organized as follows. The problem
statement, including the class of systems, assumptions, and con-
trol objective, is given in Sec. 2. In Sec. 3 we give the procedure
for obtaining the modified form of the dynamics of the original
system. Based on the modified form of the dynamics, the adaptive
controller and observer design are presented in Sec. 4. Experimen-
tal results are given in Sec. 5. Conclusions and future research are
given in Sec. 6.

2 Problem Statement
We consider the following class of systems that contain the

product of the unmeasurable state variables and unknown param-
eters:

ẋ = Mx + hu + h�d�x� + fT�x�� + fT�x�z + �TGz�x�z� , �3a�
� z
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ż = Bz�x�z + az�x� �3b�

here x�Rn is the measured state, z�Rm is the unmeasured
tate, u�R is the control input, ��Rp is an unknown constant
arameter vector, M �Rn�n is a known constant matrix, h�Rn is
known constant vector, and d�x��R, f��x��Rp, fz�x��Rm,

z�x��Rp�m, az�x��Rm, and Bz�x��Rm�m are known smooth
unctions of x. Notice that the last term in the x dynamics in �3� is
product of the unmeasurable state z and the unknown parameter
ector �. We assume that the system dynamics described by �3�
atisfy the following:

�1� The pair �M ,h� is controllable.
�2� There exists a symmetric positive definite matrix Pz

�Rm�m such that Bz
T�x�Pz+ PzBz�x��−Qz for all x�Rn,

where Qz is a positive semidefinite matrix. Also, for every
bounded x�t�, the solution z�t� is bounded for any initial
condition z�t0�.

�3� The sign of each parameter, �i, i=1: p, in the parameter
vector � is known, and �i is bounded.

�4� The functions d�x�, f��x�, fz�x�, Gz�x�, az�x�, and Bz�x� are
bounded functions of x.

ssumption �1� guarantees the existence of a control gain vector
�Rn that can stabilize the linear part of the x dynamics; that is,

here exists a symmetric positive definite solution, P, to the
yapunov equation �M −hcT�TP+ P�M −hcT�=−Q, where Q is a
ymmetric positive definite matrix and c is a feedback gain vector.
ssumption �2� ensures that z has a stable dynamics provided x�t�

s bounded. Assumption �3� is the only required knowledge of the
nknown parameters and is reasonable for many practical plants;
t allows us to use a parameter dependent Lyapunov function can-
idate during the design process.

Our objective in the paper is to design an adaptive controller
nd observer such that asymptotic regulation of the measurable
tate, asymptotic convergence of the state estimation errors to zero
r their boundedness based on certain conditions, and bounded-
ess of the estimated parameters are achieved. Instead of using the
arameter dependent filtered transformations available in litera-
ure, the proposed approach is to cast the system in a modified
orm that can be used to design a control algorithm based on a
arameter dependent Lyapunov function. The process of casting
he original nonlinear system into the modified form is construc-
ive and is always possible.

Modified Form of the System Dynamics

In this section, the procedure of expressing the system given by
3� into a modified form will be described. The nonlinear system
3� can be cast in the following form:

ẋ = Mx + h�u + d�x� + fT�x�� + ZTG�x��� , �4a�

Ż = a�x� + B�x�Z �4b�
here

ournal of Dynamic Systems, Measurement, and Control
where diag�·� denotes the diagonal matrix or block diagonal ma-
trix, gzij�x�, i=1: p, j=1:m, is the ijth element of Gz�x�, and fzi�x�,
i=1:m, is the ith element of fz�x�, f�i, i=1: p, is the ith element of
f��x�.

Equations �3� and �4� describe the same system. The
unknown parameter vector � and the unmeasurable state vector Z
in �4� are of a larger dimension than that of � and z in �3�; Z
�Rm�p+1� is a vector cascaded by �p+1� z’s; ��Rm�p+1� is a
vector cascaded by m times �i’s, i=1: p, and an m-vector with
each entry equal to 1; a�x��Rm�p+1� is cascaded by �p+1� az�x�’s;
G�x��Rm�p+1��m�p+1� is a diagonal matrix whose diagonal entries
are the entries of Gz�x� and fz�x�; f�x��Rm�p+1� is a vector whose
��j−1�m+1�th element is f�j�x�, j=1: p and the other elements
equal to zero.

The motivation for casting the nonlinear system described by
�3� in the form given by �4� with a new parameter vector � and a
new state vector Z is to account for the nonzero off-diagonal en-
tries in Gz�x� and the nonzero entries in fz�x�; as a result of this,
the proposed stable adaptive controller and observer design is fea-
sible. A nonzero off-diagonal entry in Gz�x� means that two un-
known parameters are coupled with the same unmeasurable state
variable �or two unmeasurable state variables are coupled with the
same parameter�. Assuming that none of the elements of the ma-
trix Gz�x� and vector fz�x� are zero, then Z�Rq and ��Rq,
where q=m�p+1�. If some entries in Gz�x� and/or fz�x� are zero, it
is possible to reduce the dimension of the vector Z. Correspond-
ingly, the dimensions of G�x�, �, f�x�, a�x�, and B�x� are also
reduced.

The following example will illustrate the reduction procedure.
Consider the system described by �3� with m=2, p=3, and Bz�x�
diagonal. The modified system has

ZT = �z1,z2,z1,z2,z1,z2,z1,z2� ,

�T = ��1,�1,�2,�2,�3,�3,1,1� ,

G�x� = diag�gz11�x�,gz12�x�,gz21�x�,gz22�x�,gz31�x�,gz32�x�,

fz1�x�, fz2�x�� ,

aT�x� = �az1�x�,az2�x�,az1�x�,az2�x�,az1�x�,az2�x�,az1�x�,az12�x�� ,
B�x� = diag�Bz�x�,Bz�x�,Bz�x�,Bz�x�� ,

SEPTEMBER 2006, Vol. 128 / 713
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fT�x� = �f�1�x�,0, f�2�x�,0, f�3�x�,0,0,0� .

f fz
T�x�= �0,0�, discard the last two rows of Z, �, a�x� and f�x�,

nd the last two rows and columns of G�x� and B�x�, which will
esult in q=6, which is less than the maximum size of eight. If
z12�x�=0, then the second row of Z, �, a�x� and f�x�, and the
econd row and the second column of G�x� and B�x� can be dis-
arded, which gives q=7.

With the assumptions on the original system described by �3�, it
s easy to see that the following three assumptions, which corre-
pond to assumptions �2�, �3�, and �4�, respectively, are true for
he system in the modified form �4�:

�2�� There exists a symmetric positive definite matrix PZ
=diag�Pz , . . . , Pz , . . . , Pz� such that BT�x�PZ+ PZB�x��
−QZ. Also, for every bounded x�t�, the solution of Z�t� is
bounded for any initial condition Z�t0�.

�3�� The sign of each parameter, �i, i=1:q, in the parameter
vector � is known, and �i is bounded.

�4�� The functions d�x�, f�x�, G�x�, a�x�, and B�x� are bounded
functions of x.

Adaptive Controller and Observer Design
The following theorem illustrates the main result of this paper.
THEOREM 1. Consider the plant described by (4), the following

ontrol law (5), parameter estimation algorithm (6) to estimate
he constant parameter vector �, and observer �7�

u = − cTx − d�x� − fT�x��̂ − ẐTG�x��̂ , �5�

�̂
˙

= 2��G�x�Ẑ + f�x��hTPx , �6�

Ẑ
˙

= a�x� + B�x�Ẑ + PZ
−1G�x�sgn���hTPx �7�

here �=�T�Rq�q�0, c�Rn, sgn���= �sgn��1� , . . . ,

gn��q��T, ���ˆ denotes the estimate of ��� and ���˜ = ���ˆ − ��� de-
otes the estimation error of ���, and c is chosen such that P is the
ymmetric positive definite solution of the Lyapunov equation

�M − hcT�TP + PT�M − hcT� = − Q , �8�

or any given positive definite matrix Q. Then, the closed-loop
ystem has the following properties.

�i� u�t�, �̂�t�, �̃�t�, Ẑ�t�, and Z̃�t� are bounded.
�ii� limt→� x�t�=0.
�iii� If Qz�0, limt→� Z̃�t�=0.

Proof: Using the control input and the observer given by �5�
nd �7�, respectively, the x dynamics and the state estimation error
ynamics are

x� = �M − hcT�x − h�fT�x� + ẐTG�x���̃ − h�TG�x�Z̃ , �9�

Z̃
˙

= B�x�Z̃ + PZ
−1G�x�sgn���hTPx . �10�

onsider the following Lyapunov function candidate:

V�x,�̃,Z̃,�� = xTPx + 1
2�̃T�−1�̃ + Z̃T	���PZZ̃ �11�

here 	��� is a diagonal matrix whose ith diagonal element
s the absolute value of the ith element of the parameter vector �,
hat is, 	���=diag���1�Im , . . . , ��i�Im , . . . , ��p�Im , Im�. Notice that

�x ,�̃ , Z̃ ,�� is indeed a Lyapunov function candidate because

���PZ is a symmetric positive definite matrix, which can be seen

rom the following:

14 / Vol. 128, SEPTEMBER 2006
	���PZ = diag���1�Im, . . . , ��i�Im, . . . , ��p�Im,Im�

�diag�Pz, . . . ,Pz, . . . ,Pz�

= diag���1�Pz, . . . , ��i�Pz, . . . , ��p�Pz,Pz� . �12�

Since Pz is a symmetric positive definite matrix, from �12� we can
see that 	���PZ is a symmetric positive definite matrix.

Taking the time derivative of V�x ,�̃ , Z̃ ,��, and simplifying
using �6�, �9�, and �10�, we obtain

V̇ = ẋTPx + xTPẋ + �̃T�−1�̃
˙

+ 2Z̃T	���PZZ̃
˙

= xT��M − hcT�TP + P�M − hcT��x + Z̃T�BT�x�PZ	���

+ 	���PZB�x��Z̃ + 2Z̃T	���G�x�sgn���hTPx

− 2Z̃TG�x��hTPx �13�

Since G�x� and 	��� are diagonal, we have 	���G�x�sgn���
=G�x�	���sgn���=G�x��. Also,

BT�x�PZ	��� + 	���PZB�x�

= diag���1��Bz
T�x��Pz + PzBz�x��, . . . , ��p��Bz

T�x�Pz + PzBz�x��

� diag�− ��1�Qz, . . . ,− ��p�Qz�

= − 	���QZ

where QZ�diag�Qz , . . . ,Qz�. Notice that 	���QZ is a positive
semidefinite matrix. Therefore, we have

V̇ � − xTQx − Z̃T	���QZZ̃ � − 
min�Q�xTx − 
min�	���QZ�Z̃TZ̃

�14�

where 
min�·� denotes the minimum eigenvalue of a matrix.
Hence, �11� is a Lyapunov function for the closed-loop system,

which guarantees that x, �̃, and Z̃ are bounded; �̂ is bounded

because �̂=�̃+� and � is bounded; Z is bounded by assump-

tions �2� and �4�, which in turn guarantees that Ẑ �=Z+ Z̃� is
bounded; the control input u�t� is bounded as it is a function of all

bounded variables. From Eqs. �9� and �10�, both Z̃
˙

and ẋ are

bounded. Therefore, Z̃�L�, Z̃
˙

�L�, x�L��L2, and ẋ�L�. By
invoking Barbalat’s Lemma �4�, we obtain limt→� x=0. Moreover,

if Qz is positive definite, then Z̃�L2; therefore, limt→� Z̃=0. �
Remark 1. Theorem 1 addresses the regulation problem for the

class of nonlinear systems described by �3�. This design process
can be extended to the tracking problem as well, which is shown
in the example considered in the next section. Further, one can
also extend the proposed design to multiple-input systems.

Remark 2. Notice that the original system described by �3� con-
tains m state variables and p parameters that are to be estimated.
Fig. 1 Picture of the experimental platform
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n the proposed design, if none of the elements of the vector fz�x�
nd the matrix Gz�x� is zero, we require m�p+1� filters for the
stimation of the unmeasurable states and mp filters for the esti-
ation of the unknown parameters.
Remark 3. The estimated parameters are not guaranteed to con-

erge to their true values. Since the nonlinear system studied in
his paper cannot be expressed in the form of a standard paramet-
ic model �see �16��, it is difficult to obtain the persistency of

xcitation conditions under which the estimated parameter �̂ con-
erges to its true value �. To enhance the robustness of the
losed-loop system due to parameter drift, we can use the

Fig. 2 Desired posit
Fig. 3 Estimate of Z

ournal of Dynamic Systems, Measurement, and Control
�-modification procedure given in �16�. In such a case, the param-
eter estimation algorithm �6� can be changed to

�̂
˙

= − ���̂ + 2��G�x�Ẑ + f�x��hTPx . �15�

Choosing the same Lyapunov function candidate V as in �11�, the
time derivative of V becomes

V̇ � − xTQx − 
min�	���QZ�Z̃TZ̃ − 2��̃T�̂ . �16�

Since −2��̃T�̂�−��̃T�̃+����2, we have

and tracking errors

ˆ ˆ

„t…: Z1„t… and Z2„t…

SEPTEMBER 2006, Vol. 128 / 715
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V̇ � − 
min�Q�xTx − 
min�	���QZ�Z̃TZ̃ − ��̃T�̃ + ����2.

�17�

ince the parameter � is bounded, it follows that x, �̂, and Z
onverge to a residual set whose radius is proportional to the
quare root of the upper bound of ����2.

Experimental Results
Consider a single-link mechanical system described by

Js̈ = u − f f �18�

here J is the inertia of the link, s is the angular position of the
ink, ṡ is the angular velocity of the link, u is the control input, and
f f is the friction torque described by the following LuGre dynamic
riction model �17�:

ż = ṡ −
��ṡ�
g�ṡ�

z , �19�

f f = �1z + �2ż + �3ṡ, g�ṡ� = Fc + �Fs − Fc�e−�ṡ/�s�
2

�20�

here �, �1, �2, �3, Fs, Fc, and �s are positive friction coeffi-
ients; �, Fs, Fc, and �s are generally identified by experiments
ff-line and are assumed to be known for this simulation. J is
nown. The objective is to control the link such that the position
nd velocity of the link track a predefined trajectory sd and ṡd,
espectively. It is assumed that sd and ṡd are bounded, and the
ngular position and the angular velocity are measured.

Combining �18�–�20� and representing in matrix form yields


̇ = M
 + hu + h�f�
T� + �TGz�
�z� , �21a�

ż = az�
� + Bz�
�z �21b�
here


 = �
1


2
� = �s

ṡ
�, M = �0 1

0 0
�, f� = 	 0

− 
2 
, h = 	0

1 


Fig. 4 Estimated parame
− 
2 J
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Gz�
� = 	
− 1

��
2�
g�
2�

0

, � = 	�1

�2

�3

, az�
� = 
2, Bz�
� = −

��
2�
g�
2�

.

Defining the trajectory vector xd
T= �sd , ṡd� and representing

�21a� and �21b� in terms of the tracking error xª �x1 ,x2�T=

−xd results in the following error dynamics and z dynamics:

ẋ = Mx + hu + h�f�
T�x + xd�� + �TGz�x + xd�z� , �22a�

ż = az�x + xd� + Bz�x + xd�z . �22b�

The previous two equations can be rewritten in the following form
suitable for the adaptive controller and observer design:

ẋ = Mx + hu + h�fT�x�� + ZTG�x��� , �23a�

Ż = a�x� + B�x�Z �23b�

where

� � 	�1

�2

�3

 = 	�1

�2

�3

, Z � 	Z1

Z2

Z3

 = 	z

z

z

, f�x� = 	 0

− x2 − ṡd

− x2 − ṡd

 ,

G�x� = 	
− 1 0 0

0
��x2 + ṡd�
g�x2 + ṡd�

0
, a�x� = 	x2 + ṡd

x2 + ṡd

x2 + ṡd

 ,

s: �̂1„t…, �̂2„t…, and �̂3„t…
ter
0 0 0
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B�x� = 	
−

��x2 + ṡd�
g�x2 + ṡd�

0 0

0 −
��x2 + ṡd�
g�x2 + ṡd�

0

0 0 −
��x2 + ṡd�
g�x2 + ṡd�


 .

otice that x�=
−xd� is available because 
 is measurable and xd

s known; and � and Z are estimated; Z3 need not be estimated
ecause g33�x�=0.

Experiments were conducted on the base link of a two-link
SK manipulator shown in Fig. 1. The base link is controlled to

ollow a sinusoidal trajectory, sd�t�=sin�0.4�t�. The inertia of the
ase link is J=3.4. The following values are chosen: cT

�2500,100�*3.4, �=diag�5,5 ,5�. Pz=0.1I,

P = �626.25 0.01

0.01 0.2501
� .

he parameters in the simulation are: �=340, Fs=11, Fc=1.557,

s=0.14. The following initial values are chosen: �̂T�0�
�0,0 ,0�, and ẐT�0�= �0,0 ,0�. Experimental results are shown in
igs. 2–4. Figure 2 shows the desired position trajectory, position

racking error, and velocity tracking error from the top plot to the
ottom plot, respectively. The estimates of the unmeasured state

�t�, Ẑ1�t�, and Ẑ2�t�, are shown in Fig. 3. Parameter estimates are
hown in Fig. 4.

Conclusions
A new adaptive controller and a nonlinear observer are de-

igned for a class of nonlinear systems that contain the products of
n unmeasured state and an unknown parameter. The proposed
esign is validated by experimental results on a single-link me-
hanical system with dynamic friction. Future work should focus
n the inclusion of coupled terms of the unknown parameters and
nmeasured states in the unmeasurable state dynamics. Future re-

earch should also focus on the investigation of the existence of

ournal of Dynamic Systems, Measurement, and Control
parameter independent state diffeomorphisms that will transform a
general nonlinear systems to the class of systems considered in
this paper.
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